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Although the exact distribution of r for samples from a correlated parent population was found by
C43

Fisher, using a geometrical method, this method is very difficult. Sawkins has given us its analitical

treatment. But this was a special case, where the means of variates were zero. The following

states the most general case, on the supposition that two variates are normal and linear, giving an

orthogonal linear transformation.

The linear and most general probability density function is given by the following
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Hence, if u= /\ r\ the joint distribution of t and v is given by
1/ l-pi
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t and v are therefore independent normal standard variates, and ^uj is distributed as
i=]

X2 with n degrees of freedom.

By the following transformation from the v, to new variates Zi,
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^ „ ^=2, - 2^/-JLZ3 + J^—^ +......+ J_^_^^Z,y3 ~V~n,~' "V 9..-=i~3 ' V ?i.4~4 ' ' V (n--\^n~r'

y4 = /-—Z1 ~ <^A/ ^ . Z4 -t- •••••• -t- ^/ ^—"_^__Z^
I/ n ' "'V 3.4 " 'V (re-l)ra

Vn = -L=Z, - (n - lV-, 1,, ^,
I/ n v ( ra — i )n

n n
we have ^uj= Szt- ^ course, Zs. are normal standard variates, and ^zj is distributed

1=1 t=] ^=1

as X2 with n degrees of freedom, and this transformation is an orthogonal linear

transformation.
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Choosing z^ =—J=Svt> we have
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where we put S^ = ^^ - u)2, S,1 = ^t,-t-)2, r = -^—„-„-—.
•t=1 (=1 - »^J]

Therefore we have

S>t = -T^T ^2Z - 2prS^ + p7S^ ,
^2 ~ i~P"

and this is distributed as %2 with n—\ degrees of freedom.

SO<-DU.
Choosing z^ =-i^t — ^ —^ we have
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This is distributed as X2 with n-2 degrees of freedom.
n

Moreover, as 5'f = SC^ — O2 ls independently distributed as X2 with n—\ degrees
1=)

of freedom, if we name
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a, b, and c are respectively independent, a is A^(0, 1) distribution, 26 is distributed as
X2 with %-2 degrees of freedom, and 2c is distributed as X2 with %-1 degrees of

freedom.

Using the above relations, we have
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On the other hand, the relations
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Next, we must find a probability density function f(r, Si, S^.
That is
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The frequency function for r is given by integrating with respect to Si and Sz from
0 to oo. This integration is not so easy. Fisher found an ingenious transformation

from 5i and 5s to new variables a and ^ such as

,3 _13
S-^ = ,-y a e2, S^= ,^/ a e 2.

By the following relation
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Next, moreover we must find a function /(r, a, ;3).

we have
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Seeing that the limits of a are from 0 to oo and those of i3 from -oo to oo, we have
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