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§ 1. Introduction.

This is a continuation of the previous paper of the same title C5]D. In the
previous paper, we gave general formulas for Lie differentials relative to the basic

frame and coframe and considered relationships between the Lie differentials and the

covariant ones concerning the respective connections and finally, introduced an extended

Lie subsystem. In this paper, first of all, we shall deal with general quantities and

relations with respect to the basic frame and coframe. Next, we shall calculate the

Lie derivatives of connections and give conditions for certain vector fields to be affine

Killing vector fields. Finally, we shall also give conditions for projective Killing vector
fields. The notations employed are the same as those of the previous papers C4] and

:5],

§ 2. Quantities and relations wth respect to the basic frame and coframe.

Let •w'j and w",, be connection forms with respect to the natural and basic frames

respectively. Then they are related by

(2. 1) ^=^^+d^.
Putting

C2. 2) <=r,>c, w^rj,dx'\

from (2. 1) and (2. 2), we have

''^ _ r"' f:' w. _L^t _3iL nr r? — r'l:.w^ip-1c _L A»^t'_^)?".//,' =1 Wa, ^"ft'k +?n—i-:'^> 01" 1 ta=^ ,,c?7?6?B + ^7?(,"—^-.
o-v

On making use of (2. 2) and dw" •= —-^-a',',cio'\ •wc, we calculate the curvature

forms and get

^•=^<-«^<

- (.W., - ^FWa - IW^\tVaA''

1) Numbers in brackets refer to references at the end of the paper.
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J_^"3 Fa. ^ r'a. i re pa pc /-'a _ ^e pa ^,,,c „„!»=^^dc/ M—CisJ-'be+1 M1 M— l "be1 'eS ~ aect1 tejw"f\w''.

From the above result, we have the components R'^ of the curvature tensor :

"»_—?) r'a _a /-I" -i_ rle .r'ffl _ rle r'"-—
•SCli = UC't ;)ti—unr'1 6c1-'1 M'1 ec—± tie1 eii—"'cd'1 be.-

For the components -(^o of the torsion tensor, we have

C2. 5) ^--(.a^+r^-r^-)

In the previous papers C4] and C53. we gave the components of the curvature

tensors and torsion tensors for the (+) and (0) connections. Here we give those with

respect to the basic frames for the (—) connection.

For the curvature tensors, we have by virtue of (2. 4) and the expressions (2. 2)

and (2. 5) in C4:

R^-0,

Ra^ = - 9.« - 2d^~) + C^, - 2^^.,)rf^ - (.< - 2d^d^

+(c&-2^>%,,C2. 6)

%. = ^ {- 23.«, - 2rfa»<o) + 2«, - 2d{^yia., - W, - 2df,,,,0

C<4 - 2da^~) + C<4 - 2d^~)^, - 2da^\ .

For the torsion tensors, we have
-* _ (-)

a _ _ f,a _i_ 9,70 ( a _ ^a _ 9^(1 ( a6c=—u'6c-t-^UC6c» -'(6c8=u6c—^u'[iW]I -'C6(!=°U.

Let T be a tensor field of type (1. 1) and let (7i,Tj- and f7cT',', be the covariant

derivatives with respect to the natural and basic frames respectively. Then, since

f7^-^r®dxj®dxk - ^Ta,Xa®iv"®ivc,

it follows that
'» _ a TO- i rlct T<i . r'f' T"

Val 6" " <^ei ~b + 1 an1 (1 — -' '£el <i.

Thus we see that the covariant differentiation relative to the basic frames is

formally the same as that relative to the natural ones and so for tensors of the general

type.

Since (^X,, J,0-f4,Z,, it follows that

C2. 9) a»a,y-a,%T=<4a,T,

where T is any quantity relative to the basic frames.

From (2. 4), (2. 5), (2. 8), and (2. 9), we have

(2. 10) w^-F^n"-T?;%.,,+T?%.+FJ7;?%,

as relative to the natural frames.

§ 3. Affine Killing vector fields.

As is well known, a necessary and sufficient condition fora vector field V=v!-
3.ri
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to be an affine Killing vector one is given by

(3. D £,ri,,=^,{F,v'+^r^-ri,-)ul}-R',,,vl=Q,

\vhere £,,rlj,, is the Lie derivative of a connection F with respect to the vector field

V.

And £^Ftj,: can be also expressed in '

„. av , „; arjt , p, aut , p, Qv1 p;
~'v1 'Jk =-o^i-2._f + u' -^..'I" + •( 'J'i o..,r + 1 '»• ^..( — y '}t-

Putting

'oxW c'x' c'.v" w
,; 3ui
jss~^r-

£„ ri^-^®dxi®dvk =£.,r?A®wa®<
C'iV'

we have

(3. 3) W. - V^V^- ^y) - R^",
where £"r'^ and vlt are components relative to the basic frames corresponding to £yFj,,

and v' respectively.

On making use of (2.4), (2.5), (3. 3) and the covariant differentiation relative
to the basic frames, we have

(3. 4) £^=t7c[^ct+(.aL+na)V \-R^va

= 3^va + W + FWva+ n^v"- ri^va
+ (3A + 3^, + ai,r% - r^ + a^r?.>d,

which can be also obtained by substituting (2. 3) in (3. 2).
For the respective connections, we have

(3. 5) r^°o, r?«=-<

-» <-l)
'" _ .-?» r'" _ /," ri"- r"- _ ^_r^a i o^a
lie ——uf)C) •' he=weh —<-"cH •1 ic = —r>Vt('B<!-t-AU'(6c).

0 1 D * 1 (n)
'a -J-r1a na —- ^a -i-rln r7n _ -'^^^n i Ja
lie =— g "6C> x lia~ uvt — g u'c6) •t 61; — — g ^.u6c-TU'Chc)^)

By virtue of (2. 9), (3. 3), (3. 4) and (3. 5), we have the following :

+ + +*

£.1
(3. 6)

'»' _ _L-^»
ill! — — g wali

+ * + + -s- + * +

^c-W", ^«=(7»F»"a=SF^"a -%„»''

1ffrc'
(+) !/++*„ ++*_^ (+)<+) (^

&«n» =-^cw)a+w°)=wua -R^v",

(3. 7)

(3. 8)

We - F»(7»"a, W, - V^«vlt - f7,,{7,Va - R^V"

£,??» ==^<W)ft+ F;-F*»"°) =F»F^a-^Ly'2

£.h - v^ + ^-FcC^"") = F»F."a - ^';

4,n = F,^ + -IF»C^?^O = FcF^" -^%^"

<n) (0)(0) m
W. =^-CF^a+FW'l+-|- SF»?")+F?)QS ^=F'J^n-&"'i.
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From (3, 6) it follows that if (7,i/l=0, £,,r^=£,r^=£»H,=0. Hence we get

the following theorem :

Theorem 1. If a vector field V is parallel for the (+';••) connection, the
field V is an affine Killing vector one for any of the (+), (+ w ) and ((+))
connections.

If (7,,u'I=a,,ua+(ffl^-<i>ri=0, it implies

7^iy) = (a,A + ^drf?., - a^dt.:)v'1.

From (3. 7)i (3. 8) and the above result, we have :

Theorem 2. If a vector field V=(yn) ;'s parallel for the (— •«') connection,

the field V is an affine Killing vector one for any of the (—), (— ;" ) and ((—))
connections. If, furthermore, the components va satisfy the folloiuing equations :

(3A + de,,A, - ae,,,fll,)v'1 = 0,

then the field V is also an afflne Killing vector one for any of the (0), (0;") and

((0)) connections.

From (3. 6), (3. 7) and (3. 8), we obtain :

Theorem 3. Necessary and sufficint conditions for a vector field y= (va) to
be an affine Killing vector one for the respective connections are the followmg :

For either of the (+) and (+*") conn., 3^va'-{-a'^v = const.

I For the ((+)) conn., ^(ovtt+aV~)+3,(cva+ay^=0.

For either of the (—) and (—*') conn., {7,f7^v"'=Q.

For the ((-)) conn., FtF^a+(7cF^(t=0.

0 -»;•

For either of the (0) and (0*) conn., F,,)7<.""+-^3hCC%it;'i) =0.

For the ((0)) conn., 2 (Fc.F^a+F,,F^a)+3«W"'0+3,,?"'i)=0.

Forthwith we have :

Corollary 3. 1, If a vector field V is an affine Killing vector one for either
of the (+) and (+ "! ) connections, so also is the field for the ((+)) connection.
And similarly for the (—) and (0) connections.

If in particular, V=W) (a; fixed), we have :

Corollary 3. 2. Necessary aucl siifficieni conditions for the vector field Xy,

(a; fixed) to be an affine Killing vector one for the respective connections are the
following :

For either of the (+) and C+*) conn., arf,y,= const.

For the ((+)) conn., a,A+9A=BO.
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For either of the (-) and (-*) conn., %6?« - 6,eAt'e+^As= 0 (6;?« .=<,-<%).

For the ((-)) conn., ^b^+3,b^-W^+b^d^+2d^b^^Q.

For either of the (0) and (0*) conn., Qt(.a^+b^')+d^b^-b^d^=Q.

For the ((0)) conn., ^a^+ba^~)+^a^+b^')+2d^b^-^d^+b^d^=0.

§ 4. Porjective Killing Vector fiileds.

The ((+)) connection is the symmetric connection whose coefficients are the

symmetric part of those of the (+) and (+ >r ) connections, and so the ((—)) and
((0)) connections for the (-)&(- »• ) and (0) & (0 •« ) connections respectively.

If the functions d^ are skewsymmetric in the indices a and b, the ((+)), ((—))and

((0)) connections identify with one another by the theorem 4 in H4], and consequently
the paths are the same for all the nine connections, that is, all the connections are

one another in projective correspondence. Now, we seek for another condition admitting

the above statement.
(±-> . (z>. .

A necessary and sufficient condition that two connections 7"' and F be in projective

correspondence is that there exists a covariant vector field (^t) satisfying the

following relation :
(+). (-)

(4. 1) T^=~l%+^8l +^;.

Since r;,=r},-<,,,.^a^ C53, it follows from (4. 1) that

]a ^i^kpc „,/, ^ji j_i!i.fV:%c)?a?^fc ^VjO'k +Vk"'ji

from which we have

(4. 2) ^.)=^,?+^).
wOn the other hand, for the connection F we have

(4. 3) ^=ri.-^^U4^=^-^Wii+^D.
By virtue of (4. 2) and (4. 3) we obtain :
Theorem 4. A necessary and sufficient condition that all the nine connections

be mutually in projective correspondence is that the functions d^ satisfy the

following equations ;

1) d^+d^=Q (a^b, a^c)
2) de^ = da^ 4- d^a. (a^Lc, a, c ; not sumrned^),

provided that all of d^ do not vanish.

For the above theorem, the components <ps in (4. 1) (or in (4. 3)) are

fra £:a -L V1 /jc £rt
^=^Zja"»?.7 =° M4.1—2-iu(ca)<?7>

a ' '" i L a,c

Next, we seek for conditions for a vector field V= (ya) to be a projective Killing
vector one. We know that a necessary and sufficient condition for the field V to be
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a projective Killing vector one for a condition F is that there exists a covariant

vector field (^a) satisfing

(4. 4) ^r?.=^?+^%.
On making use of (3. 6), (3. 7), (3. 8) and (4. 4), we have :
Theorem 5. Necessary and sufficient conditions for a vector field V== (y°)

to be a projective Killing vector one for each of the ((+)), ((-)) and ((0))
connections are that the components va satisfy the following relations :

For the ((+)) conn., a,.((7^a) + 3^^") =a 0 (a^, a^c),
+* -\ * 4-*

%(F<!"c)==3a(|7<-'y")+9cC(7al;a) C»^c> »> c ; not summed'),

+*
provided that all of Qc{7cvc ^° not vanish.

For the ((-)) conn., v^^'3- + f7^cVa = 0 (o^, a^c),

V cV cvs =°V tV ava-^7 cV ava (.a:^c> ai c ', not su.mmed'),

provided that all of FcFc»c do not vanish.

For the ((0)) conn., F^»+F^a +-|- PcW^+^WQJ =0 Ca^6, a^c)

FcF^C +^3o?^)=F«F%u+Fc-Fa"a+l- i3<,C^>ti) + aa?t;d)i >

(a=^c, a, c ', not summecF)
0 -*

provided that all of the expressions {7^cVC +^3cC^^y'i) d° not vanish.

From the above theorem, we have :

Corollary 5. 1. Necessary and sufficient conditions for the vector field Xe,
(a ; fixed) to be a projectve Killing vector one for each of the ((+)), ((-)) and

((0)) connections are the folloiuing :

For the ((+)) coww., a<,a^+a.a^=0 (a^b, a^c)

3,,a;^=3affl?a,+3A C?^=(''> a> c > not summecl'),

provided that all of a^ are not constants.

For the ((-)) conn., ^b^ +9^ - W<A + MO + 2d^b^ =0 (a^, a^c),
3cC^« - b^~) - 9<& + (.d'» - dc^b^ + cW»

-2d^b^+b^d^^0 (a^c, a, c ; not suuimed').

provided that all of the expressions Qcbw—b^d-M+d^b^ do not vanish.

For the ((0)) conn., 3^+b^~)+^C+b^~)+2d^b^-W^+b'i^~)=0

(a'^6, ffl^c)

3cC^ + b^ - <» - &S») - 9a« + &?») - fe^C^;^ - <«.)
+dW.»-2d^)b'wJs-b's^d'^=Q (a=^c, a, b ; not su.mmed')

provided that all of the expressions 3c(aSa + &^) — ^eebw + d'eMu ^° not vanish.
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