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§ 1. Introduction.

This is a continuation of the previous paper of the sameé title [5]D, In the
previous paper, we gave general formulas for Lie differentials relative to the basic
frame and coframe and considered relationships between the Lie differentials and the
covariant ones concerning the respective connections and finally, introduced an extended
Lie subsystem. In this paper, first of all, we shall deal with general quantities and
relations with respect to the basic frame and coframe. Next, we shall calculate the
Lie derivatives of connections and give conditions for certain vector fields to be affine
Killing vector fields. Finally, we shall also give conditions for projective Killing vector
fields. The notations employed are the same as those of the previous papers [4] and

Lsl.

§ 2. Quantities and relations wth respect to the basic frame and coframe,
Let w’ and w} be connection forms with respect to the natural and basic frames

respectively. Then they are related by

@ 1D Wy =E&Jw;&7 +d&LE].
Putting
Q2. 2 wy =Igw’,  whi=I"}dx",
from (2. 1) and (2. 2), we have
2. 3 b = TRELEIEE 164050, or Th=TE116s + &8O
On making use of (2. 2) and dw* = —%a,’,"cw”A w’, we calculate the curvature

forms and get

By =dwh —wj ywy

. 1
z(acrgtl f“z’“pgeagd*]T?mpgd}wc/\wd

1) Numbers in brackets refer to references at the end of the paper,
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1
_7Cacr(;d_ +szpgc 5 F?d—a,idf",}e)w“/\wd_

From the above result, we have the components Ry, of the curvature tensor :

(2. 4) Rl;‘cd wacrclf(l_adrgc+ridrgc—Fﬁcrgd—agdlye-

For the components (% of the torsion tensor, we have

(2 5) !‘gcs’_(agc"l‘]—‘(;c_‘171?b

In the previous papers [4] and [57, we gave the components of the curvature
tensors and torsion tensors for the (+) and (0) connections. Here we give those with
respect to the basic frames for the (~) connection.

For the curvature tensors, we have by virtue of (2. 4) and the expressions (2, 2)
and (2. 5) in [4]

gbd=0,

R[zfca = = ab(“(ald [cd]) + (a'cd Zdiczu)dce‘b - (a’g(l - Zd?etll>d§b
(2 6) -+ (a?c - Zd[ed])ddm

&)

Beq = *{ Zab((l‘cd [cd]) + 2(“::(1 — 2d[eb])dt’b - (agrl - 251?1;11))
(a%,— [ecj) + (ag,— 2d80) (s — 2d%a)} .

For the torsion tensors, we have

- =)
(2 7) 4 fllc = a’gﬂ + ngbcu L Zc =(ng— Zd?bc]y 4 gc :O.
Let 7 be a tensor field of type (1. 1) and let p, 7! and p, T} be the covariant

derivatives with respect to the natural and basic frames respectively. Then, since

7T 5 v/ Rdn" = 7, T X Rw @',

it follows that

2. 8 y =005+ I'aTs —1I'5.T3.

Thus we see that the covariant differentiation relative to the basic frames is
formally the same as that relative to the natural ones and so for tensors of the general

type.
Since (X, X,)=a},X,, it follows that

(2 . 9) aoabT"‘ abacT - a‘gbaeT’

where 7' is any quantity relative to the basic frames.
From (2. 40, (2. 5), (2. 8), and (2. 9), we have

(2. 10) VdVL VchT == T;’;R(elcd“{_ Tuel R;icd +VeT;)l -di;

as relative to the natural frames.

§ 3. Affine Killing vector fields.

)
dxt

As is well known, a necessary and sufficient condition for a vector field V =v'
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to be an affine Killing vector one is given by

@G D L =p Vo' + (T =T — Riw' =0,
where £,1'}, is the Lie derivative of a connection I with respect to the vector field
V.

And £,I"}, can be also expressed in :

; M ol ; ovt ovt
(3- 2) £Ur7’» = faxjaxk, + vt 08 ‘;L + F]’» 2 I3 + F”\ 2 " ij f\xl .
Putting
£ ij @dm’@dm =£,[5X,Qu' @,
we have
3. 3 £, = po(pyv— L5 — Ri,qv°,

where £°1', and v* are components relative to the basic frames corresponding to £,/
and o' respectively.

On making use of (2.4), (2.5), (3. 3) and the covariant differentiation relative
to the basic frames, we have

(3. 4) £vpgc=70 {abv“+Ca?a+F )vd§ bcdv

=0,0,0% + (apa + 130,07+ ['$,0,0% — I'5,0,0%
+(aca'?d+ad['gc+a§arga— ROIE S B )v

which can be also obtained by substituting (2. 3) in (3. 2).

For the respective connections, we have

+ + 3 a (+)n 1
5 it
(3. 5) [,()fc = O, Flm = — Uy, Flm = - 7“01)
“a e, w“*ﬁ (] (] <"'Z 1 a
Fl)u = —df, th == gy — duh) Iy,=— 7((5& -+ Zd?z;c))
Fra 1 e ol a 1 g4 (n?l 1, o a
Fna == _'_Z__dbny Fh'c= ey — duz, Fm ?(abc‘f‘d(hc));

By virtue of (2. 9), (3. 3), (3. 4) and (3. 5), we have the following :

£ Fbc Vchl’ ‘£17be VchU —“VchU —Rbmv
(3. 6) (+3CH)
£v1" fe = Z(mmv +17ch VY=o s0 —R“av"

£ [:”‘ = ;70?72) £ Fbo V—bl;cv = V( bu _“Rhcdvd
(3. 7D — (3= (=)
F;}n 2 ({"{‘va + VbV(- ) VCVI)U -'"ledv

00% i
£ Fbc l7 va + = Vc(dbdvd> =Pt — Ry,a0°
0
(3. 8) £‘vau VI)ch + Vh(d v ) VL‘va "‘Rbcdv

[{(OIGY) m
£ FZL{- = 2 EVer'U + VbV,-'U + V (d,",v”) +Vb(d?ztvd)} J=ppp° — Ry %
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+x + + % +)
From (3. 6) it follows that if pp*=0, £, 4=4£,05=4£,1%,=0. Hence we get

the following theorem :

Theorem 1, If a wvector field V is parallel for the (4 =) connection, the
field V is an afine Killing vector one for any of the (+), (+ ) and ((+))
connections.

If [;:v"=8,,v“+(a;‘d—dg‘d)v":(), it implies

+
Vc(dgdvd) = (acdgrl + (Zg(I(l;)lil - ag(ld(lfc)vd-

From (3. 7), (3. 8) and the above result, we have :

Theorem 2. If a vector field V=_v") is parallel for the (— =) connection,
ihe field V is an affine Killing vector one for any of the (=), (— =) and ((=))
connections. If, furthermore, the components v® satisfy the following equations :

(acdl?(l + dgddl?e - aﬁddge)vd = O,
then the field V is also an affine Killing vector one for any of the (0), (0% ) and
((0)) connections.
From (3. 6), (3. 7) and (3. 8), we obtain :

Theorem 3, Necessary and sufficint conditions for a vector field V= _v*) to
be an afine Killing vector one for the respective connections are the following

J For either of the (+) and (4 =) conn,, Ow*+afp’=const,

l For the ((+)) conn., 0,(cv®+agp®) + (v + agw®) =0,

- —%

For either of the (=) and (— =) conn,, 77wt =0.

For the ((~)) conn,, [},,}iv“—k[i[}iv“:&

{ For either of the (0) end (0=) conn,, 107,]701)“ +—%~8b(dﬁdvd) =0,
0 —x 0 —=%
For the ((0)) conn., 2 (Ffw*+p7o*)+0(dsw™) +3,(dep®) =0,

Forthwith we have :

Covollary 3. 1. If a vector field V is an ajffine Killing vector one for either
of the (+) and (+ =) connections, so also is the field for the ((+)) connectiosn,
And similarly for the (=) and (0) connections.

If in particular, V' =(83) (a;fixed), we have :

Covollary 3. 2. [Necessary aud sufficient conditions for the vector field X,,
(a; fixed) to be an afiine Killing vector one for the respective connections are the

following .
{ For either of the (+) and (4 =) conn,, af,=const,

For the ((+)) conn., 0,a%,+3yte=0,
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For either of the (=) and (— ) conn., O,bly—biydd, + dib% —0 (5% =aly—d%).
{ For the ((—=)) conn., Ob%y+ 0.bfy— (biads, 4 blpdi) + 2050y =0,

For either of the (0) and (0=) conn., 3y(al,+b%)+ db% —btadd —0).
{ For the ((0)) conn., Ou(fu+b5a) +0,(af+biu) + 2dGube, — (beadl +biads) =0.

§ 4. Porjective Killing Vector fileds.

The ((+)) connection is the symmetric connection whose coefficients are the
symmetric part of those of the (+) and (+ =) connections, and so the ((—)) and
((0))  connectjons for the (—) & (— =) and (0) & (0*) connections respectively.
If the functions dj, are skewsymmetric in the indices @ and &, the ((+)), ((=)) and
((0)) connections identify with one another by the theorem 4 in [47, and consequently
the paths are the same for all the nine connections, that is, all the connections are
one another in projective correspondence, Now, we seek for another condition admitting
the above statement.

A necessary and sufficient condition that two connections (;‘) and(I_“) be in projective
correspondence is that there exists a covariant vector field (¢:) satisfying the
following relation :

U D R N BT}
Since T, — 1™, — i, EL6'€ (53, it follows from (4. 1) that
Ay a€5EL = P00k 4 P,
from which we have
4. 2 diyey =9,(&005 108D,
On the other hand, for the connection (ID’) we have

)

; (+)i 1 ; . (+) 1 ;
(4 3) ij=Fjl.~, —5 ?M)fdfﬁ’gk E4]=ka“?(¢J3A +¢k5§)-

By virtue of (4. 2) and (4. 3) we obtain :

Theorem 4. A necessary and sufficient condition that all the nine connections
be mutuwally in projective correspondence is that ithe functions d}, satisfy the
following equations :

1) di+di,=0  (askb, asc)
2) die =dg,+djs  (as~c, a, ¢ ; not summed),
provided that all of d°, do not vanish.

For the above theorem, the components ¢; in (4. 1) (or in (4. 3)) are
¢ —tsras,er o — L s e
i 2 -~ o> j %+1 s (ca)y>j»

Next, we seek for conditions for a vector field V= (%) to be a projective Killing
vector one. We know that a necessary and sufficient condition for the field V to be
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a projective Killing vector one for a condition I" is that there exists a covariant
vector field (¢a) satisfing

4. D £, =07 +$o07.

On making use of (3. 6), (3. 7), (3. 8 and (4. 4), we have :

Theorem 5. Necessary and suficient conditions for a vector field V= (v%)
to be a projective Killing vector one for each of the W+, =) arnd ((0))
connections are that the components v* satisfy the following relations :

% -+ %
For the ((+)) comn, D7)+ 2y (Fev®) =0 (astb, ac),
+ % 4 % + % .
3 (7)) =0T v ) +2(Fv") (e3¢, a, ¢ ; not summed),

+ %
provided that all of Jpv° do nol vanish.

For the ((=)) conny, pw+ppn*=0 (ab, a o),

174701) -*17,,1701)“—{—[767“ v*  (axc, a, ¢ ; not summed),

provided that all of ;;c}iva do not vanish.
0 _—

For the ((0)) conn., pp,o° +17ch1) +5 {ac(dbdv’l)qLab(dwv“)} =0 (aad, asxc)
g —= [V —
7oy’ + %—a,(dzidvd) PP P D) +Ou(da
(a=¢c, @, ¢ ; not summe(l)

provided that all of the expressions chcv 4= 8 (degw®) do not vanish.

From the above theorem, we have :

Corollary 5. 1. Necessary and sufficient conditions for the vector field X,
(a; fixed) to be a projectve Killing vector one for each of the ((+)), ((—=)) and
((0)) connections are the following :

For the ((+)) conn., Dual,+9.a%,=0 (ab, a>c)

Do = Dty + 0%, (aec, a, ¢ ; not summed),
provided that all of af, are not constants.
For the ((—)) conn., O.b) +8bb§w (D2ad, + 03ude) 4+ 2d8,b% =0 (a%b, asxc),
(B — b)) — By (A — 2D+ b
— 2d%0ybo0 +b%udis =0 (asc, a, ¢ ; not suwutmed),
provided that all of the expressions b, — bidi, +dibsy do not vanish.
 For the ((0)) conn., Oy(a,+Dbs) + O aha+ i ') A 2 — (biadt, +biadis) =0
Cadeb, aee)
c(lﬂcw+bcw bgw) aa(a‘ca;’*‘b ) bs w(d — lgu)
bf,m—2d(m) o 40 ds =0 (a>ec, @, b ; not summed)
provided that all of the expressions O,(aiy+bly) — dcbiy+dibiy do not vanish.
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