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Introduction

The geometrical pro'perty of continuous groups of transformations in the Riemannian
space, is one of the most interestings in the theory of groups®. K.Yano® and E.T.Davies®
extended this property by making use of the Lse derivatives in to generalized spaces. On
the other hand, in investigation of the transformations in the Finsler space, M.S. KNEBELMANY
and E.T.Davies® formulated many interesting theories which E.T.DaviEs® establisched in
the metric space,

In the present paper we show whether analogous theories exist or not in the Cartan
space.” ,

§ 1. Fundamental equations in the n-dimensional Cartan space.

In an n-dimensional manifold, if any (n—1)-dimensional sub-space is given by the equations

(L.1) al=a(yl,yt) ({=1,-n),
and if the (n—1)-dimensional area of a region R,., in the sub-space, is given by the (n—1)
-ple integral

(L.2) 0= gF(w:amIS?/)d?/lw-',rly"“‘,

o
N1

then the n-dimensional manifold is called the Cartan space®,
In this space we define the elements of hypersurface u, by the following determinants
made of (1.1)

[ 9! 9x®=t Qatl | Qo™ |
oyt Pyt 9yt ;)}T‘
(1.3) Ug==(—1)24t1 1} : P

9%l Qud-1l gutl  Qam |
Let 7'%; (2, u) be the components of a mixed tensor of degree zero in the u, then the

two kinds of differential operators® |, and |* are applied to the 7! ;5 in the following expressions

1) See, (7}

2) See, [10], §11

3) See, [4)

4) See, (8]

5) See, [5])

6) See, (6] .

7) The notations in our paper, are the same as those used by L.Berwaip (1}, and K.Yino [9],
omitting * in I'*J,

8) See, (1] Einleitung, see [2) §6

9) See, (1] §8, (9) §8
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(1.4 Tyl =T it T BT gou+ T80 g 1617 s,
(1.5) T | F =T+ TP Agh —T's A%,
where '
(1.6) li=(y/ g/ L,
(1.7) PR (L) )T

Throughout the paper we shall use the notations, T%j,x=97%/0X™, Tk =91 ous.
In the Cartan space there are four kinds of curvature tensors® given by the following

expressions ‘
(1.8) Kien= 2k, m+T %l a+T 0 all®TChgo )y
(1.9) Blin=EKdin—A79* Kagr (
(1.10) Pl =T3P — A" ~ A LT Pl
(1.11) St = 2 AY® 4,1,

§2 The relations of the differential operators to the curvature temsors.
On consideration of (1.7), from (1.4), (1.5), {(1.8) and (1.9) we have

(2.1). 2 Tl o =TH* Keome+T% Ku mr*TlaI(j oo =T4%% Rugnot TR e— T By %nns
By virtue of the relation® (I/y/g ' = L{s/g (I'—4!) we see that
2.2) T4 = TP — A7), |

Put the metric tensors ¢;; and ¢V in to these equations and in consequence of the relations®
gijfr=—24"" and g|* =24 we have

(2.3) A3 =2 AT 4107 AFH (17— AM).
Since I'j'|* is a tensor of order four®, from the connection parameters I';'sx we have
(2.4) =Tl —A)
If we substitute the right side of (1.6) in the relations™
(2.5) LosHIT wpi—T195=0i5= 0,
in use of the equations®
(2.6) U] = 04— 11— A%), Y =gt —1({1%+ A%),
we have (L/,/g)n+({{%—A“) «Prg= 0. From these equations and (2.2) we obtain finally
2.7 ‘ THE T = T (Bl g T &l F — T 50l

Since the necessary and sufficient condition for that a Cartan space become an affine
connected space is that "% = 07, from (2.7) we get

Theorem (2.1). If the Cartan space is an affine connected space, then two operators wand |¥
may be interchangeable.

By virtue of (2.2} and (1.5) we have

2.8 ' TR P = QR — AT T A T A — T A

1) See (1), §12 and [9), §9.
2) See (1], §&
3) See [1], §%
4) See {1], §16
5) See [1], §8
6) See (1], §5
7) See (9], §12
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Since Ty, and T';* are the tensors, from (2.7) and (1.10) we have

(2.9) Tyl =T = THOT Pl LT e A b T Pot e T Py,

Considering (1.5), (2.2), (2.3) and (1.11) we find

(2.10) 2T =27 (AN — A - T @3S 0 — 1, S 247 -2 FRA IR A ks,

From these equations we have

(2.11) 2R = 20— AP 2T A 60 . TS, ot G 2R,

Taking /; in place of T in the above equations and considering the relations S+,** =0V
and {47 =(0%—{d’P, we find A& =6Y,4%, From these equations we have

Theorem (2.2). If the condition A'=0 s satisfied, then the tensor AY* s symmetric <n the
indices 1, 7, k.

§ 3 The Lie derivatives

Let us consider a one-parameter continuous group of transformations defined by finite
equations p'=qf(2.e), and the infinitesimal transformations of the group given by

3.1) b=t +-El ()0,
where dt is an infinitesimal constant and &! a contravariant vector field depending on a point.

If we introduce the notations 92%/0y®=af, and 02’y = g, —at, = &% ;29.0¢, from (1.3) we have
-1
(3.2) nZ}(’c)u,,/})xfa):v’”'a =1£16kj-16j6k{.
a=]

Put the elements of hypersurface deformed by the transformation (3.1) in the form
=+ 0w, Where du;=(9ui/0a74)027 .. On neglecting terms of higher orders, considering (3.2) we
have

(3.3) Oy = (14,0%j — ;0% )6,,.64.8

If we define, with reference to the transformation (3.1), the Lie derivative of any
geometric object T: i(e.g. a tensor, tensor density, connexion pParameters,etc,) as

X T = lim T::(E,EZ)B_—t T(eu)
0o '
In consequence of the relations oat [9a) = 0'5+ €50t and 9pijogt = 6,—&,,01, from (3.3) the
Lie derivative of tensor 7!, can be written in the form?,
(3.4) XT‘jzT‘jI“E"’——T‘j"l‘”(Dw—kT‘&“,;-—T%&‘,w, where =28,
If T (z,u)are the components of a tensor density of weight p, considering the equations
[02/92(? =1 — p&®%«0t, We have
(3.5) XTy= Ty =T Ot pTHER e~ T S+ T,
Let §'; be the components of a tensor of weight » and homogeneous of degree ¢ in
the u, then we have
(3.6) XEY =T b= T P alpt Tt T el Hp+ )T L%,

1) See (1] §12
2) See [9) §8
3) See (6] §2
4) See (6] §2
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*

Since w; is a covariant vector density of weight ?—1 and 42' a contravariant vector, From
(3.4) and (3.5) we get Xu,=0, Xda'=0, consequently we have

Theovem (3.1). The Lie derivatives of the hypersurface and line elements ave equal to zero.

Similarly, we have '

Theorem (3.2). The Lie derivatives of & and 0'; are equal to zero.

If we substitute /; in (3.4) and considering (2.5) and (2.6) we have X/;=[ ({e—A*)D,..

If these equations be contracted by I, we have

(3.7) Xly=1d"Xla.

Substitute the right side of (1.6) in (3.7), from theorem [3.13 we have

(3.8) (Lly g) X(§/ glL)=1"Xla.

From the parameters I'ji, considering the equations gl =&l 4T 454, we obtain
(3.9) X7 =85+ E K ytra— Tt 0D

Since I'y'ji® is a tensor, we have
Theorem [3.3). The Lie derivative of conmection payameter 75l 48 a tensor.
J

The application to the metric tensor ¢i; will therefore give

(3.10) o Xgy=81+85— 245 Ve
The equations of Killing, in the Riemannian geometry, are given by the relation
(3.11) Xg:;=0. '

Therfore, we may say the transformation (3.1) giving (3.11) an infinitestmal motion.
Tor the motion, considering (3.11), (3.7) and the relation X(/* ))=0, we have
(3.12) Xi:=0.

§ 4 Alternation of Lie derivative and the differential operators.

The following alternate formula will be needed later.

From (2.1), (2.7) and (3.9) we obtain

4.1) XUT )= X T ) =T XT Prlg+ TXT o T o XT e

These equations imply

Theorem (4.1, If infindtesimal transformation (3. 1) satisfy conditions XT jx=0, then z‘lze Iie
derivative and the operator |x are interchangeable.

If 54 is a tensor denmsity of weight p and homogeneous of degree ¢ in the wu, then
&yt is a tensor of weight p-+1 and degree g—1. Therefore considering (3.6) we have

(4.2) X(F 15— S5t =0,

Theovem [4.2). Let T be a lensor of any weight and degree in the w, then the Lie
derivative and partial differentiation with w are mutually interchangeable.

From (3.8) and (4.2) we have

(4.3) X — (XS = — SN
from this equation and (1.7) we have

Theorem (4.3). If Y is independent of u, then X T 4s same also.

1) See (6), §2
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By virtue of (3.12) we obtain

Theovem (4.4, If (3.1) 43 a motion, the Lie derivative and the operator |* are interchangeable.

Finally we have from (4.3)

(4.4) X ")-~( XTI = — T X o4 T* X A T XAy,

Since I';l;* is a tensor density of weight 1 and of the homogeneous degree—1 in the
u, then considering (4.2) and (4.3}, we have

(4.5) XT3l —(XT S )= — 1 4l M XL .

From the relation =1, +XT /40,  Kj'o =21 1520 "l e+ 20 T 130 s
considering (4.5) and (3.7), we find ‘

(4.6) XK on=2XT Pophpn 20 el * XT 1B oL g,

From these equations we have

Theorem (4.5). If the transformations (3.1) satisfy the velations X1yt =0, the Lie derivative
of K vanishes.

Substitute ¢,; in (4.3), we have

(4.7) 2X A =—24, 1 X o H( Xy,
from these equations and (3.12) we have

Theorem (4.6). W hen the space admits an infinitesimal motion (3.1), the Lie derivative of
connexton A" vanishes.

Put g,; in (4.1), from the relation ¢;;»=0 we have

(4.8) (Xl =(ps0% s+ Gipd® y—2A1 5 5) XT o8 11

From these equations we have

Theorem (4.7). When the space admits an {nfinitesimal motion (3.1), the Lie derivative of
connexion sy 1 equal to zero, '
§ 5 Groups of motions and affine motions

In this chapter, we shall study the contintous groups of motions, then from theorems
(4.63, (4.7) and (3.12) we have

(5.1) XA+ =0, Xrd, =0, Xi,=0. ,

By virtue of (3.11) and theorem (3.1) we see that Xids)=X{g,da'da’)=0, hence we have

Theorem [5.1). When the space undergoes « motion into iself, lengths and angles remain
unaltered.

A necessary and sufficient condition that the #rajectories of two motions be the same
is that (3.9) be satisfied by & and £, where ¢/ p&t, then we have p,o(245"6Pla— 0%, —0%8))
=0, if the matrix of the coefficients of p,, is of rank n, we obtain p,,=0, that is
o =constant . we have

Theorem (5.2]. Two groups of motions eannot have the same to'cojectpries.

If the space admits absolute parallelism, then denoting by 7% the n contravariant
vectors of an absolutely parallel ennuple,” the suffixes ¢ and j being a component and ¢ and
b being a number of the vectors, we have

(5.2) Ralios = S, ;}lh‘ahf,j=6"j.

1) See (6) §2 )
2) See [10] §3
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. Trom the relations Dhig=h'ssda’ + 1’ Dl;=0, we have
(5.3) hay=0, hig? =0, (. ja=1,mn)
Put %l in to (2.1) and considering (5.2) and (5.3), we have R/u=0 and Klw=0.
Similarly, from (2.9) and (2.11) we have P/i*=0 and S/**=0, consequently we have
Theorem [5.13. If the space admits absolute parallelism, all the cwrvatwre tensors vanish.
From (5.2) and (5.3) we have

n
(5.4) ' =“4_‘_'..1]L"a7?az,k+Ar’3Fﬁg ky hall? = har Ak

Let us multiply /; in the first equation of (5.4) and contract on j, then I'gys can be
solved, considering the relations A/#l;=1;4s and (0%;—1;A%) 0'u—12AY)=0",
Putting the obtaind value of I'ggs in to the equation again, we have

n n
(5.5) riy= Zlhjallal,k’*‘ Z:lAijhBalsllaw,k
&= =

and from the second equation (5.4) we have

(5.6) A= 3 hadf Wa.

Suppose that the space admits an infinitesimal transformation (3.1) satisfying the
equations (5.1), from (5.3) and theorem [4.1) we have

(5.7) (Xhia)y=0.

Since Xhl, is a vector, there are certain scalars C”; satisfing the relations

(5.8) Xhie=C"ally.

From (5.7) and (5.3) we have C’;=0, this condition may be written in the equation

(5.9) Cl 3+ C"\ M a3 =0.

Similarly, from (5.1), (5.2) and (4.4) we have C’4f =0, that is C"4|'=0, considering these
relations and (5.9), we have

Theorem (5.2). If the space of absolute parallelism admits an tnfinitesimal transformations
(3.1) satisfying the equations (5.1), the Lie derivatives of the n independent vectors of an absolutely
parallel ennuple are expressed by linear combinations of them with constant coeffiatents.

If the transformation (3.1) satisfies the conditions X7;% =0, then we may say, following
K.YaNOD and M.S.KNEBELMAN?, the transformation is an affine motion.

Let £ and &g, being the components of two linearly independent vectors giving the
infinitesimal affine motions in our space, then' the components of their alternations are
B sElym—E" @ mm =XmEhay in our notation & =Xpf'w.

We wish to proce that, & are the components of an vector giving an affine motion.

From the conditions Xs["j's=0 and XI"s%=0, considering theorems [4.1] and [4.5],
for §* the equations (3.9) may be written in the form

XD o= XpIe4| %o+ T Xl o) arar
From (4.5) and (3.7), the right side of above equation vanishes, then we have
Theovem [5.3). If Duf for a=1,2,-,p are generators of p one-purameter groups of the affine

motions, so also ave each of the commudators (DaDg)f, for o,f=12,-p.

1) See [10], §3
2) See (8), §2
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From this result and the fundamental theorems of continuous groups we have
Theorem (5.4). If Dewf for a=1,--,p are generators of the complete set of one- Dpuarameter growps
of affine motions, they are the generators of a group @, of affine motions,

1)

(2]
(3]
(4]

(5]

(6]
{7}
£el
(21l
(10

i

L.BERwWALD

E.CArTAN
E.CARTAN
E.T.Davies

E.T.Davigs

E.T.Davies
L.P.EENEART
M.S.KNEBELMAN
K.Yaro

K.Yano

K.YaNo

(March, 1952)
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