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Introduction

The geometrical property of continuous groups of transformations in the Riemannian

space, is one of the most interestings in the theory of groups0. K.YAN02) and E.T.DAVIE.S'^

extended this property by making use of the Lie derivatives in to generalized spaces. On

the other hand, in investigation of the transformations in the Fimler space, M.S.KKEI!ELSIAN'I)

and E.T.DAViES6) formulated many interesting theories which E.T.DAVIES°; establisched in

the metric space.

In the present paper we show whether analogous theories exist or not in the Cart an.

space.7>

§ 1. Fundamental equations hi the n-dimensional Cartan space.

In an »;-dimensional manifold, if any(n—l)-dimensional sub-space is given by the equations

(1.1) .'c'W(yl,"-,y"-1) (fl,'",n),

and if the (n-l)-dimensional area of a region £,,-i in the sub-space, is given by the (n—1)

-pie integral

(1.2) 0=\F{x,Wy)dy\-,dyn-\

then the n-dimensional manifold is called the Cartan spaced.

In this space we define the elements of hypersurface u» by the following determinants

made of (1.1)

(1.3) ».»-(- 1)"+I

3.1;l ...9^a-i 9:t°'+1... 3.^" !

3y' 3yl 3yt 3yl

3-z-1 3:i°!-l 3.'»;a;+1... 9;Y" |

[9y"-I gyM-l 3y"-l ay»-I

Let T{j (x, it) be the components of a mixed tensor of degree zero in the u, then the

two kinds of differential operators'0 js and |''' are applied to the Ti) in the following expressions

I) See, [73
2) See, [10), §11
3) See, C4)
4) See, [83
5) See, p]
6) See, C6]
7) The notations in our paper, are the same as those used by L.BERWAI.D |"1), and K.YANO [9~],

omitting * in F*ih:
8) See, C 11 Einleitung, see C2) §6
9) See, [1] §8, C9] §B
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(J.')) y'j i <• - T'^+T'j:. lsFw+ T^Fft, T',r^,,

(1.5) 7", | «• = y^li1' + r^ Ap<1' - r'p ^/'',

where

(1.6) l,=(^/ 'gfL)u,,

0.7) . T!^^W^)T!r,k,

Throughout the paper we shall use the notations, 1"j,i,.='3Tijl^Xk, T^;l:=3Z"^3z«..

In the Cartan space there are four kinds of curvature tensors0 given by the following

expressions

a.8) jfA.,,,= 2 (ri-'[A.,ft]+ri°!c*'r*,/»+r^c<-lla;r»3oa),

(1.9) Bi^,,. = Kt3k ,,-A.fiaJ^o»- »,

d.io) piV"=rA.lift -A.^V -A^ ;pr<A.f*,

(1.11) S^'t=2A.UWA»i"-\

§2 The relations of the differential operators to the curvature tensors.

On consideration of (1.7), from (1.4), (1.5), (1.8) and (1.9) we have
(2. i). 2 yy^i = P^ jf«oM+ y^ E'»\i.-Tt«i^?^ = 2'^;°' ^OA^+ y^-RAA—y'a-R/w..

By virtue of the relation2^ W^/g~)\\! =LI^/g{l'-A1) we see that

(2.2) 7 y^i = 2't,;i':t(^:'-A'l:').

Put the metric tensors yy and gi-< in to these equations and in consequence of the relations^
^jjfc^_2Ay" and g^h=2A,)h we have

(2.3) Ai^-p = 2Aa^kA^ +Aijw ^-A^).

Since f/<'||/' is a tensor of order four0, from the connection parameters Fj'k we have

(2.4) . r/,,,uc"fc3=r/,n|i?(^-A1'3).

If we substitute the right side of (1.6) in the relations^

(2.5) ii.f+iifFw-rio^i:')^ o,

in use of the equations85

(2.6) li\\a=8»t-W-A?), V\\a=gtu-l\la+Aa),

we have {LI^/~g~),h-\-{l?—A't}r«?nUp= 0. From these equations and (2.2) we obtain finally

(2.7) TW-T!A'-\=T13YTWp+Tajr»\[i'-TI«r}'t,,vf.

Since the necessary and sufficient condition for that a Cartan space become an affine

connected space is that ra.^'!l'= O", from (2.7j we get

Them'em C2.13. If the Cwrtan space is an af fine connected space, then iwo operators'!,, and ?

may be interchangeable.

By virtue of (2.2) and (1.5) we have

-TI'^=2TI]T{V^-A1'^~Tt};u A^'+TajAU't-T\A^t.(2

1)
2)
3)
4)
5)
6)
7)

.8)

See
See
See
See
See
See
See

T'/'ll"

CO, §12 and [9], §9.
CO, §5
W, §5
03. §16
[13, §8 .
W, §5
C9), §12
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Since Tt.i\n and Tlf,K are the tensors, from (2.7) and (1.10) we have

(2.9) Tt^h - T1^ = Tyr^flp- T'^A,ul- + T't']P«1^- TI«W.

Considering (1.5), (2.2), (2.3) and (1.11) we find
(2.10) 2yiyia'|fo=227^c('(;M-A'''3)+7»,S»"''-y(ffS/"'4-2yrt^M»l!i<'3-2r(».|CMy«l<'3^

From these equations we have

(2.11) 2Tljw'^2Tl^\V''-'-AI'^+2Tt^A»w^+TajS»l?-TlttSfk1'-.

Taking li in place of Tlj in the above equations and considering the relations 5'oi'/'c=0°

and li)=(8-li—l.iW, we find Atw==8^iAk\ From these equations we have

Theorem C2.2^. If the condition A'=0 is satisfied, then the lemor Aijk is symmetrio in the

•indices i, J, k.

§ 3 The Lie derivatives

Let us consider a one-parameter continuous group of transformations defined by finite

equations ~g;{=, vl(x.a), and the infinitesimal transformations of the group given by

(3.1) ^=.zJ+?W<,
where St is an infinitesimal constant and ^ a contra variant vector field depending on a point.

If we introduce the notations 9.%</9</a = xta and &t'<a=a-ia—a;<(t='").^'-'a'%, from (1.3) we have

(3.2) .S(3u,./3.-e-y.^a = UiSkj -u^,.
n-l

Put the elements of hypersurface deformed by the transformation (3.1) in the form

Ut'=v.t+8iii, where Sin=('3u,l'c)xsa)8x3ct. On neglecting terms of higher orders, considering (3.2)we

have

(3.3J Su^{u,8^-u^^,^t.»

If we define, with reference to the transformation (3.1), the Lie derivative of any
geometric object T'. :(e.g. a tensor, tensor density, connexion parameters,etc.) as

T\:{w,u}-T:\(x,u)x'/';;==
Sf^o "?

In consequence of the relations y:ct/'3x-i=81j+S',j8t and'3x:'l'9:«'=8Ji—Sj,tBt, from (3.3} the

Lie derivative of tensor T') can be written in the form0,
(3.4) XT!^Tl^a-TlAtt^+Tl^-Ta^, where f»^Sllt.

If Tlj (x,u) are the components of a tensor density of weight p, considering the equations

[3.T/3.-i;[»=l—^a;,ai%, we have

(3.5) Xr^ Tt^'t-T'j\ct0^+pTt^-Fa^^+Tt^a,i.

Let S'j be the components of a tensor of weight p and homogeneous of degree q in
the u, then we have

(3.6) S:%t^%l^?-^^,,l^y^l.»+y^a,3+(p+q)y^a,»-

1) See Cl] §12
2) See [9] §8
3) See [6] §2
4) See [6) §2
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Since •«; is a covariant vector density of weight —1 and dx' a contravariant vector. Prom

(3.4) and (3.5) we get Ari<(=0, Xdx'=0, consequently we have

Theoi'em C3.13- T^e Lie derivatives of the Iiypcrwrface mid lim climififs we. equal to f.cro.

Similarly, we have

Theorem (3.2'). The Lie de'rivcit''ves of S' and 8 , are equal to sero.

If we substitute I, in (3.4) and considering (2.5) and (2.6) we have Xli^li (Is— A" )<I>^.

If these equations be contracted by I1, we have

(3.7) Xll=ltlaXla.

Substitute the right side of (1.6) in (3.7J, from theorem C3.13 we have

(3.8) {LI V ~g} X{^~fflL)=lllXl».

From the parameters F/,,, considering the equations ?'i^=^'..,+7\,"'^rt, we obtain

(3.9) -iT/<.=^.+?'ts:A»-r;..T^.l)

Since r&'^'i" is a tensor, we have

TJieorem ^3.3^. The Lie derivatwe of conneciion parameter rj'i,- is a teiisoi:

The application to the metric tensor ffij will therefore give

(3.10) . Xf/<j=?(j+^.'.-2A,/tf»;«.

The equations of Killing, in the Riem.annian geometry, are given by the relation

(3.11) A^=0.

Therfore, we may say the transformation (3.1) giving (3.11) an infinitesimal motion.

For the motion, considering (3.11), (3.7j and the relation X(ll I{)=Q, we have

(3.12) Xlt^O.

§ 4 Alternation of Lie derivative and the differential operators.

The following alternate formula will be needed later.

Prom (2.1), (2.7) and (3,9) we obtain

(4.1) X(Tt)^XTt))^-Tt)\aST^df,+T^Xr»'k-TI«Xrfi,.

These equations imply
Theorem C4.13- If infinitesimal tramformatwn (3.1) satisfy conditwm SFj'n^Q, then tJie Lie

derivative and the operator \K are int.erohangeable.

If S.'^ is a tensor density of weight p and homogeneous of degree q in the u, then

Z'j;'" is a tensor of weight ^4-1 and degree q—1. Iherefore considering (3.6) we have

(4.2) xs'y)-^" sw =o.
l.'heoi'em C4.2^1. Let, C£S' ^c a lensor of aw/ wei(jht mid degree ill. the '«, then the Lie

derivative and partial differentiation with u are muiually mterchangeaMe.

From (3.8) and (4.2) we have
(4.3) JTi.S 'jHfc)-(ArS ';)1|(' = - S:f.U'''^AZ<.

from this equation and (1.7) we have

Theorem C4-3], If S .; ''*' 'indepeudeiit of u, then, JV.S j is same also.

1) See C6), §2
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By virtue of (3.12j we obtain

T/ieorem, C4.4^. If (3.1) u' a motion, the Lie derivative an'l thsopsrcdor ik we wterohwigeable,

Finally we have from (4.3)
(4.4) XWy-(XTIjf = - Tij\klaXl» + T^XA»tk- T ^ZAj'tk.
Since F^'k;"' is a tensor density of weight 1 and of the homogeneous degree—1 in the

u, then considering (4.2) and (4.3), we have

(4.5) .Y(r/,U't}-(.Tr/.}:['t=-r/(.l,"^.r^.

From the relation rf^r^+Xrfi.-St, Kj!?=2r^,^,,,+2rf^.r^»+2rjit^riw»,

considering (4.5) and (3.7), we find

(4.6) XK^,, = 2(xr^,\,,, +2r^^rr,^»i p.
From these equations we have

T/iem'em C4.5J. If the tmnsfonnations (3.1) satisfy the relations XF)-k=0, tfie Lie clerivcttive

of Kijnh vanishes.

Substitute gij in (4.3), we have
(4.7) 2XA^=-2A,^aXl»+{Xiji^'.

from these equations and (3.12) we have ;

Thewem C4.6). When the space admits an wfmHesimctl motion (3.1), tfie Lie derivative of

connexion Aij vanishes.

Put f/ij in (4.1), from the relation g!)\i,:=0 we have

(4.8) (Zr/u)i<-('^^+y^-2A/WrA..0
From these equations we have

Theorem C4.7J. WJien the spuce admits an infinitesimal, motion (3.1), the Lie derivative, of

Gonnexion Fj i,; is equal to sero.

§ 5 Groups of motions and affine motions
In this chapter, we shall study the continuous groups of motions, then from theorems

1:4.6:1, C4.7J and (3.12) we have
(5.1) XA^=0, Xr.i^=0, Xli=Q.

By virtue of (3.11) and theorem C3.13 we see that X(ds) = .S'[gijdxtdx} )=0, hence we have

Tlworem C5.13. When the space undergoes a motion into itself, lengths and anyles 'remain
wi(dtered.

A necessary and sufficient condition that the trajectories of two motions be the same

is that (3.9) be satisfied by ^ and ?f, where ^=p?(, then we have p,a(2Ai)aSiiln-S?^j—8?^t)

=0, if the matrix of the coefficients of p,a is of rank n, we obtain p,a= 0, that is

p= constant', we have

Theoi'em C5-23. Tzoo groitpa, of motions cannot have the swivs trajectm'ies.

If the space admits absolute parallelism, then denoting by hta the n contravariant
vectors of an absolutely parallel ennuple,f) the suffixes i and j being a component and a and

b being a number of the vectors, we have

(5.2) A(Ai=^, 2;/<V^=^.
n-l

I) See (6^ §2
2) See C10] §3
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From the relations Dhla,=zhla,^lxs-lrhl'a\SDlj=Q, we have

(5.3) /t!0=0, /t'»-'=0, (•/,/,fl=l,...,»).

Put h'a. in to (2.1) and considering (5.2) and (5.3), we have £ijkh=0 and JT(Jc;i=0.

Similarly, from (2.9) and (2.11) we have P^<;"=0 and Sc'*"=0, consequently we have

Theoi'ein C5.13- If the space admits absolute parallel i sin, all the cwvatwe tensors vanish.

JF rom (5.2) and (5.3) we have

(5.4) A^=£AV^,fc+^prpot., h.^=h^A^.
<t=l

Let us multiply Ij in the first equation of (5.4) and contract on j, then Fpyk can be
solved, considering the relations AisH)=liAf, and {8?)—ljA°t)'8la—l»Ai)=8lj,

Putting the obtaind value of Fpok in to the equation again, we have

(5.5) r,jk=£Wa,ha.wJr£,Ais?W^ha.«.k
a-1 (t-l

and from the second equation (5.4) we have

(5.6J A^^Sha^h'a..
ffl=l

Suppose that the space admits an infiaitesimal transformation (3.1) satisfying the

equations (5.1), from (5.3) and theorem C4.1] we have

(5.7) (Xh'^Q.
Since Jf/t'a is a vector, there are certain scalars C''a satisfing the relations

(5.8) Xhla=C\1i!;.

From (5.7) and (5.3) we have C!'a)=0, this condition may be written in the equation

(5.9) Cba,.,+C''»fr^^O.

Similarly, from (5.1), (5.2) and (4.4) we .have C"n!!=0, that is C"a\tc=Q, considering these

relations and (5.9), we have

Theorem C.5.2'). If the space of absolute pamllelism admits an infinitesimal t'ransformalions

(3.1) satisfying the equations (5.1), the Lie derivatives of the n •independent vectors of an ubsobftely
pwcdld ennuple are expressed by liww condinations of them zuith oonstant ooeffie'ents.

If the transformation (3. 1J satisfies the conditions .^./Vc = 0, then we may say, following

K.YANOI) and M.S.K.NEBELMAN2), the transformation is an affine motion.

Let ^'(a) and S'w being the components of two lineariy independent vectors giving the
infinitesimal affine motions in our space, then the components of their alternations are

?"W(m;»>-?"W((S),»i=A7'((i)?<(«), in our notation St=X^iw.

We wish to proce that, ^' are the components of an vector giving an af fine motion.

From the conditions X^fF/k^O and JC(P)/''/(;=O, considering theorems [4.1] and C4.5^1,

for Sl the equations (3.9) may be written in the form

ZTA = (^o5r*<^i^p+rfc^iaz^p)?^»>a.

From (4.5) and (3.7), the right side of above equation vanishes, then we have
Theorem C5.3^. If Duf for a=l,2,'--,p are generators ofp one-pwameter groitpa of t1ie affiiie

motions, so also we eaoh of the conuiwtators {Ds,Dp}f, f en' a,ft=:l,2,---,p.

1) See C10], §3
2) See [8], §2
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From this result and the fundamental theorems of continuous groups we have

Theorem (5. 4^]. If D^f for a = 1, • ••,p cure generators of tfie oomplete set of one-parameter groups

of af fine motions, tliey are the generators of a group Qp of affine motions.

(March, 1952)
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