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Introduction

Geometry in a special Kawaguchi space with the arc length,

S=f{A^x,x"')x'"t+B^x,xl,x'W'dt,

was studied by T. Ohkubo [1]. '
In the present paper we shall introduce the other covariant derivative which is invariant

for a change of parameter. In this space we have the Synge vectors

Et=3Awjx'^+3A^x,x',x"),

Et=GnX""+r^x,x',x"),
where ' '

Gy= 3A«i)^ + AJ(I)( — 25(2)<(2>A

A^Ami)3X'3—-^-Bw,

Fi=Bw-2Bww x'"-2Bwtm) x'l+KAimnw x"} x"k

+ 2A((,);f(o)t x"1 x'k + Atmiw^x"cx" + Aimjx"j).

Then we have ; , ,

-^-A'* Et = x"k + Ak, AK = AtkAi,

Gtk E, = x""c + r", rk =G? i\,

A?A^^S^ GtkGik=8}.

By use of A* and F', we shall introduce the linear connection which is invariant for a

change of parameter t.

§ 1. Synge vector

In the space we have Zermelo's conditions

^ P^o-p+ix F^=pS\ F, (p=l, 2, 3),
|R> Pl

IS,

(1.1) AtX't=0, Ai(i)j^=(^-3)A<,

B^x'1 + 3A> x'" =0, Bwt x" + 2B^i x"t=pB.

From (1.1) we have

(1.2) AiwX"=-A^, Aiwx'l=0, Bwwx't=-3Aj.

(1)
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Furthermore, using (1.1) and (1.2), after some calculation we have

(1.3) riXH=pB,

(1.4) Fiw x^= -3G» x"k+ (2^>-3)£(,

(1.5) rtw)X"=-3x"l+(2p-'5,')El, EI=Gj'Ei,

(1.6) E^x"=3^f-x't,

(1.7) Awx'i=-^x'1.

Now, for a change of parameter t, we have

(1.8) A,(0=r"-'Ai, A(H»(0=rl'-4A(i», A(iM(i)t(0=rl'-6Ai(i)/(,)t,

Bww(t)=r"-tBww, G,XO=r--4Gv, G^W=r-P^G^.

Next, using (1.8) we obtain

(1.9) £'i=r*l-2£(+r''-4-^30>-2)A(,

(i.io) Ei=rp-lk+Srl'-a-^k-{rp-<-^-Q-rp-t ^R}E'

where

S=2/>-3, Q=-3/>+4, 7?=3(/>2-5/>+5).

Then, using (1.8) and (1.9) we have

(i.ii) KW=rK+r-1-^

where

or

^ / 3(^-2) (/>-4)
iiMJMk .&;y " 3p-4. —-<-r"A'd>A

K= G^A^. k/^-f^G^,.
At last, from (1.10), we obtain

(i.i2) ^(t)=rarl+^x^-x^+rd^SG^Et-{r'>-td^Q-r»-tid^ 'R\Gl'k,

(1.13) E'^E'-,3^^.

Differentiating (1.12) and (1.13) with respect to Xwk, we have

(i.i4) r^(0=rr^+r^^r-l|p

(1.15) E'^W^E^.

2. Connection parameter (I)

Since 1/3 A Ei is the vector, we have
•i

x"'+Al<ix, x", x"")=-^(ix"k+AI:-), x'"t+r\x, x', x'") =-^(.x'"k+rk)

for the coordinate transformation.

( 2 )



^•21^ §n-f ^^it&W^^^S (^2g|5A) RS^45^9^

Hence we have

(2.1) At=^A'c+^x"l:-x"',

(2.2) r'=^rk+^x""c-x'"1.

Differentiating (2.1) and (2.2) with respect to X11 and x"J respectively, we have

.-^' 9^.1^1 32^ ^
W^^XK^l~wl+a^Xk^X^Xnx'"'

^ ,= ^9^^?,, + 29xt- C3€-\ w + -^'- 9x"l.ALvwj= ~9xk ~^AW + ~^ \^) + 9^ ~9^AW-

Substituting (2.3) to (2.4) we have

{A\... 2r'..\ 9xk = 3xt. M.k i ^' ^'"\'lw-i1 'w] -^T= -^TMiK +^~3^~A^'"
where

Mt,=M[^-^,

From A\^ ^ 0, we have by (1.7)

(2.5) Qm^[k=8f, Qk,Q-^S{, ^A,»=-A,, Qm,=A^,

(2.6) W1M1, Q-^ = ^My Q-^ + Zy^-Jx'n.
Sx1'"-' mw~ •3~xs"'k """' ' " 3xf9xn " '

On the other hand, differentiating (2.3) with respect to x'k we have

_9xt_9xl_^ ^_^^__y^ , 3xt 3xl 9x"» ^
(d.KDt—g^ng^ <2>i""'^7T"3^ 9^3^ ^ 9^» a^ 3^ ' ?'(2)9

•3xl 3xl 7lxq ^ , ^3xl 92xp
3xm3~x^ 3x^ wlwq ' "ax" 9x'3xk

9x'
+•

1 av; /_ ^v*" c\vr^rm^Q-^-M^%\9xm

Seeing that r'(^]^i: is a tensor, we have

^ _3x^3x»_9xt_^ 9x" W 9s?
ljk~^~ 3^ 9^ "'"'"^"^ 9^9^'

where
i fv vi v'n—pi —0-9 n/ry^^,A,A )-i wjwic~'"lvlYlie 1 WJWQ-

Thus, using (2.7) we can define the covariant differential
8vi=dvl+^v^dxk.

The base connection is given by
(2)

8x" = dx" + TT^ x's dx", xl = A;'" + TT^ ^ A-'*,

w. m. _ . (2). . . (3). (2). _ . (2)
Sx' = dx' + TT5t xs dxk, xt = x' + TT;, x' x"c.

3. Connection parameter (II)

Substituting (2.3) to the third term in the right member of (2.4), we have

^=WL9xt-At-2w--yxt-x"'.<rs=~W^^~A~^^WX"'

( 3 )
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or

.( Ol-t a2 yl
(3.1)' ^A\=^A'i-2 a\^_x'-yxk"s~ 9A;9"* "9^9^'''

where

(3.2) A^A^-^A^.
After short calculation we obtain

(3.3) A}x'^2Al- 2<2^-3) E"A^2^- 2(2^-3) A^x"'. •

Differentiating (3.1) with respect to x"° and using (3.1), we have

Sx" W 9xl ,„ ^3xl 9xm ^xi
I9,—

•k'jk~ 3xj 3x9 9xk"1"' "yx" 3xj 3xm9x1'

or '

(3.4)' J^^=i^.-2^-,"fc 3xt 3xs ~ 3xq "" " 3xl 3xs'

where

(3.5) Al^A}^-A^At.

Thus, using (3.4) we can define the covariant differential, but we will modify.

Now, if we put .,

* At— AI i 2(2^—3) ^^ o ' ^-o ' . i i;
vs = Als + q(p-^ Avw ^w» <»9A'''

then the transformation of *Alj, for the coordinate transformation, is (3.1), because the second

term in the above equation is a tensor. Using (3.3) we have *AI,x'3=2At. Hence, by means

of the process which obtained (3.4), *A^=*A^^—*A1^^ *A&^ have the same transformation law

as the case of A^.

Thus we can define the covariant differential
8vl=dvl+*A^vidx1c.

§4. Connection parameter (III)

In § 2 and § 3, by use of A" and Fk we have introduced the connection parameter TTjiti

*A^. In this paragraph, from only Fl we shall introduce a connection parameter which is not

intrinsic. Differentiating (2.3) with respect to x"° we have

p, _'3xv W_['Qxl ^ 92y( ^ , 9xv •3xt 9x"9_^
wwlc~ 3x^ 3^ \yxt' (3>{'(1)<1- 9A1'9^^ ' 9^ 9.t;( 9x"c " <2)1'""''

Since .T'oipo),, is a tensor, using (2.3) .we have

„ _ 9xp •3xq 9xl ^ •3xr ••Sx" Vxt
^ ~ ~^T ^k ^t t V9~~9xJ yxlc 9xt ' '"' gx" 7>xle ^xv ax"'

where

__2^p; j-it
]r~ l WK»k~~^1 WSWt1 (2)fc-

Thus, from (4.1), we define The covariant differentiation

( 4 )
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(4.3) 8vi=dvt+rl^dxK :

and the base connection
[

(2) ' ' ' ' '

8xlt = dx11 + F^ x" dxk, xi = xm + F1^ x'f x'k,

(3). _(2) _ . (2). . . (3). (2) _. (2).
8xt = dxi + F^ ^ dx", "xi = x" + F^ "^ x'k.

'§5. Intrinsic connection parameter

In this paragraph we shall introduce the intrinsic connection parameter.

Theorem 5.1. If we define •'" ' *
*TT< — n _ 0-v.n/rv pi , rt _ r< ^_ y T-'I i •

jk~t jlc~"'v l"t •' ^(2)u> •• ]k~M SMk'f^'- '• ](t)k'
1

,("r^^Fw-KFww x"c), Nj=^,-2^,
1^ '^ .'.,.,, I

.4 = ATI] - -h—o-O^ - A»i) K,
j - p—a •

then *'\\jie is the intrinsic connection parameter.
1

Proof: From (1.11) and (1.14), we have

(5.1) rt,w=rrt,

for a change of parameter and

F^s^ TTx1^ w yxl ^
J~W^xq' p-9^ yxpW

for the coordinate transformation. Differentiating (5.1) with respect to x"° and using (1.11),
1 ' ' • ;

we have

(5.3) rl^w+Kwr^w=r^+Kr^ ,. .

i.e.,r^(o=^.

Further, differentiating (5.2) with respect to X"c we have

p; _3x^9xl^9xt^ _3xv_3xt^ yx' ^^?xp9xl^t 92 xp ^
Mk = ~3xk ~^~^1 PM'l~ '3xk ~W 3xt9x« + ''~^^tl ~vwlt 9xk 3xt x"'

Since K F1,,,^, is a tensor, we obtain

9xv_ 9x^ 3x{ ^ 3x^9xt_ ^x1 , ^9xv 9xi ^ 92 Xlt ;,„,( "A C/A f A , Q "A- WA p(
^sk~9xk 9^ Wt V9- 3xk 9^ 7lxtW"t'-Sx^'xt\pwqyxkW'

On the other hand, we have ., •

A^xv 7>xi .-(" o9^ 92^ 1-»|092^ ^'^n.^ .
A'i=~^^^^~'J~W^^X"^~ww~wx'"A~tw'

Substituting (5.2) to the above equation we have

j7;= 9XP 3xt Na I 2 yxt- x"t9xlAa....vlj= ~^"^N9P+ 2iiwx"t^AW'

Multiplying (5.5) with Qyf and summing with q we have

(5.6) ^^.^i^^y.: !
Thus, substituting (5.6) to (5.4) we obtain

( K -)
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»TT. _9x^W_9x<_^, ^x" W yxi
\ulc~ 3x^ W W [IPQ-W 3xk W3x^

Further, from

W) = Q.\ NjW = r ^(, r^CO = r-1 ^(a>.
we have

•Tr.co=-nw ^
By means of Theorem 5.1 we can define the intrinsic covariant differential

(5.8) 8vt = dvl + *TT^ vi dxk.

Theorem 5.2 : If we define
>*TT<-s*At.. —*At *A' *A{=*Al -t. TC*At */<<=/1(—)k= •fljlc~ •"•JWS •llk' ^jt= ^lJMk~t'Ii •'lJWk> Jij=^ij—^i 5 vi^p

then *TT^ is an intrinsic connection parameter.

Proof : Both Alj and A\D] are given the same transformation, and hence we have
]

Al.= w 9X} Av 2 ^ 32 xl x" I 2 32 ^1 P'cte' .•1°.,
A'}= W 9^ - z~9^"9x^x't + ''i~9x^FX"~x^Awt

for the coordinate transformation and

(5.10) ^(0=r^(0
for a change of parameter. From (5.2) and (5.9), we have

*^ 9X) = 9^ 9^' *Aa. - 2 yxt x'
'is~^- ^.j ^ "p~t~il9x'c 9xJ Sx" Y" ~yxvyx<

From (5.10) we obtain

(5.12) Ajwk-=r Aj^ic, Aj^ic+K ^}(2)t;= A](f,ic+K Aj^k
1 1 111

and, since K*AJQ)I: is a tensor, we have
1

^i _9x^3x^3x^^ _^xm 9^ a2^ , ^x" ^xt 92^ ^^
\iik~ W 9xv 9~xK ?p( "3xk 3^ 3xt9xml "W 3xt 7)~xs3x1c" "pwl'

At last, substituting (5.11) to the above equations, we have

*-Frl __^_9^_9^_»-m ^ W yxl
^lk~ 9^ 3^ 3.»;° 121vt "31* 3^ S^S.i;'1'

Further, from (5.12) and (5.10), we have

*^(0=*TT^(0 Q.E.D.

Hence we obtain the covariant differential
8vl=dvl+^kVjdxk.

2

Theorem 5,3 If we define

!»TT-( — ri A-K'FI _-2-r'< ri
ll^t—' jMk~r±1-^ JWIc~^1 JWt± H.

then *TT(? " an intrinsic connection parameter.
3

Proof: Differentiating (5.2) with respect to X"c and using (5.2), we have

3X" 3x» 3x' /„, „„,„, \ ww yxl'' _9r'v ri» _ 8-t 3-^ 3A; f j^c _ 9 ps r>( ^_
]WK~':-1 k1 JWP= g^fc g^ 'yXt~\I 1>("9-^'' 5^ »w]~ •3xk 9xj 3xt^lx't

( 6 )
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Since F^F]^p is an intrinsic tensor, making use of (1.11) we have

(•^'}(i)t—2^'jE ^(2)j))(0 =^(u»;—2r1^ ^(2)p—r-a~^-^(3)i;

=r^-2^r^- (/<(0 -rK^r-]r^,
and consequently

(5.14) *TT^(0=!WO
3

Thus, since K Fj^ie is a tensor, by use of (5.13) and (5.14), we have

»-m _'3xf 9xv a^t-n-t S.t;" g.v a2^(*TT< — "A- C/A- "-*• *T-r( _
ik~ ^~v) -^K. C\vt I.IM3xi •3x" 9xt '81M 9x) yxlc 9xp3xq Q.E.D.

§6. Base connection

We shall introduce the base connection in the special Kawaguchi space.

The expressions
(D. . . (2). (2) (2)

(6.1) Sxl=d^/Fy+-yl^x'-i/F^dxk, 8xl=dxi+*-[]'^x' dx\ a=l,2,3,
a »' <» <»

are the components of a contravariant vector. The expressions (6.1) give the base connection

in K^, a special Kawaguchi space of order 2 and dimension n.

Along the base curve the equations (6.1) bepome
(3). // . . . . . - _ 0). // (2). (3)

(6.2) 8xi=^xlt/F~)+*^x"x"CF-\ xl=-^xt+:tT[1^ xllc.

Thus, making use of (6.1) and (5.2), we have the covariant derivative.

Lately the author have introduced the intrinsic covariant differential in the special Kawa-

guchi space with arc length

s= j' {A^x, x',..., x^-»'~)xW +B<ix, x'.... x<-m-^Yi»dt [4].
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