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. Introduction

Geometry in a special Kawaguchi space with the arc length,
S=[{Ana)a" + Bloa, e iedt, E B
was studied by T. Ohkubo [1].-

In the present paper we shall introduce the other covarlant derxvatlve Wthh is invariant

for a change of parameter. In this space we have the Synge vectors
2 oo o -
Ei=3Aus 2" +34:(x, 2", '),

1
Ei=Gij x”lj‘l'rt(x, x,, x”),

where
Guy=3Ains+ Asayi—2Bmyins

Ai= Ay %V~ —B @

Fi—B(:)t—ZB(a)i(m %" — 2By % ’+3(Am)1(:)k % x’”‘

+2Aum 30k £ 2"+ Asoonx 5" + Avw 5™).
Then we have : ' ‘

——A"‘ Buv=x" 1 A, Ao= AP Ay,
y Gtx El=xmk+pk, ‘ IP=G* Iy, o - .
A% A =8, G* Gu=85.

By use of 4' and I"', we shall introduce the linear connection which is invariant 'for a

change of parameter t.

§1. Synge‘ véctor-

In the space we have Zermelo’s conditions

> ﬁ)x“"“*”‘qu=p6,’, F, (6=1,2,3),
that is, pee : S o
an Arx't=0, Ay x’=(p—3)As, o
Bgux''+3A,5"'=0,  Buu''+2Bgux!"'=pB.
From (l 1) we have ' \ )

(12) At(])j x'i= —A", Ai(u)_j x”=0, B(z)i(z),gx”= —3AJ.’

(1)
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Furthermore, using (1.1) and (1.2), after some calculation we have

(1.3) Tix"=pB,

a4 gy 2= —3Gu x"* + (21)—3).&1,
1.5) Tiy = =32+ (2p—DEY,  E=GHE,
2 . 3(p-2
1.6) Eys %' =———§£_4) %",
. 1
S T

Now, for a change of parameter t, we have

September 1970

1.8) AD =74, A =r"Ain  Aiiar® =1 Ao

Baoiai®D=1""*Bauws Gu®=r""Gy, GYE)=r"r*GY.
Next, using (1.8) we obtain

(1.9) Bo=yoiE, +rP—4%;.-3(p—2)Al,

1 _ _ 1 —d_T2 _ _ d2T _ _ ﬂ-— 2 3
i Ei=pr it Str oL, {re Q- dt.)R}E,

where
S=2p—3, Q=-3p+4, R=3(p"-5p+5).
Then, using (1.8) and (1.9) we have

A1) K@ =rK+r290

dt
where
2 — J—
K=GY leAi(l)J(l)k Ez/ 3(p 3;)_(5 D UA“’){”
or

K= GUAMA‘(I)I(I)L' i‘t/scp——j)_%)_—@(’wfll(m-

At last, from (1.10), we obtain

RSN 2% NS PRT R0

dt? dt

il 3= dr
1 _ .20 1

(1.13) E'=prE' + 3p—4d X o

Differentiating (1.12) and (1.13) with respect to x®*, we have

o .
1.14) L@ =7 Tl + Ty 8 7 ]d—}:’

2 - 2
(1.15) EfL (D =EY,,.

§2. Connection parameter (I)

2
Since 1/3 A*E; is the vector, we have

_ _ ot _ ot
xlll+At(x, £, xm) = g:k (xllk+Ak), xl//t+ri(x’ 2" = gﬁk (x4 TF)

for the coordinate transformation.

¢2)
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Hence we have

~ =t
@) A=y D5 _ g
IxF P
2.2 Ti= gzk Ik 4 ax X g _ gt
Differentiating (2.1) and (2.2) with respect to 5 and %"/ respectively, we have
2t It oxt Rxk -
23) Tins= % Gz L+ 353 2xIox" xm’. ‘
oxt " ox' [9x*\ @ Oxt ox
24 A(:)J 9%F 277 e W(aff) + o ogl e

Substituting (2.3) to (2.4) we have
- 25 \ox® _ oxt, . ox' ox'r
(370 2=

3° @ oxt oxd Tt T oxt ox TP

where
2
M;=M(‘I)J_ EP:M'

From A, 30, we have by (1.7)
2.5) ‘Qm 2; b= =d, ‘gkl 2;=4], -91."- Am=— Ay, ‘9%:/17(';))&,

™ 21 oo IxF "
(26) WMJ ngm———-a;:ijnQ + 2— x’".

19 n
On the other hand, differentiating (2.3) with respect to x* we have
ox' 9% .. 9xT . 9x' x? ' It oz

—_—— e _— m
@IWET em gxd T DGk T T oxigxnk | oxm E)xf oxrk T @i

_9x' ox* 9x7 . + xt 9ryr
T oxm oxd 9xk . @M Gy ok
E)x‘ ox!

K ox" . ox’
%™ ox? Sl e (Mf *qua?— M 2t = ) )

Seeing that I'y, ., is a tensor, we have , \_

@n TTh=

where

2x® 9x9 9zt oxP 9x? it
o 9x*F oxt b~ ox’ ox* 9xPoxt’

3T &', £") =Ty — 232 MP Iy 0
Thus, using (2.7) we can define the covarzant dzﬂ’erentzal
' ovi=dv'+ [ v/ dx*.

The base connection is given by

@
Ox''=dx" + Tl 2V dx*,  xt=x" 4T, 2 5%,

@ L@ o _a,
0x' =dx'+ T x7 da¥, xt=x"+ T xf x'E,

§3. Connection paraineter an

Substituting (2.3) to the third term in the right member of (2.4), we have

@1 qio2x® ot ,0xt Pxt
: =22

= — ___xlp
9x7 9x% P Toxd oxtoxr”

3)

fEfn 45 4:9 A
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or
3.1’ 9_?_ t— oz A9 _af;—‘xlp
' oxk 7T oxe Tt Toxkoxr”
where , s i (
(3.2 {1§=A'(n: Zry s Ao
After short calculation we obtain ‘ o
—3) 2 :
@ awi=os- 2D fogy, —op ————2<21’ 3) Ai 5.
Differentiating (3.1) with respect to x'® ahd using (3.1), we have
—,  ox? 9x* Ox' oxt ox™ Pyt
34 A, = —_—
S T oxd 9xt Ox* B2 o %™ Ixt
or
— ox’ ax* _ 9xt R xt
3.4)! AL —— =A% — R
G4 Foxt x5 9x% T oxtox®
where
(35) A=Ay = Ayys A

Thus, using (3.4) we can define the covarlant dlfferentlal but we wxll modify.

Now, if we put

.2(2p-3
A=A+ q((; 4)) At Basora E"

then the transformatlo’n} of *4i, for the cpord;nate transfom{ation, is (8.1), because the second
term in the above equation is a tensor. Using (3.3) we have A x’f=2A‘. Hence, by means
of the process which obtained (3 4), *dy=*4% Ay, *Ay have the same transformation law
as the case of Ai. : ‘ .
Thus we can define the covariant differential ‘
Ovt=dv' +* A%y v/ dx*. '

§4. Connection parameter IImn

)

In §2 and §3, by use of A" and I'* we have introduced the connection parameter T

[

*Ai. In this paragraph, from only I we shall introduce a connectlon parameter which is not
intrinsic. Differentiating (2.3) with respect to x* we have

i _ 9x® 9x% (9% ., 2yt oxv oxt ax”‘l .
@IMET 503 ok \ gyt (z)yu)q’ %P 9x1 %) oxt xnc (2p @)

Since I is a tensor, using (2.3) .we have
e

@) p(2)e 1
9xP 2x7 ox' xP x? Nyl
4.1 I =—-—= e 2z ,
@D ®7oxd 9xk axt ™ 9xt Ox* 9xPox”
where - a , |
, o 2 L ' !
4.2) 3F_i1k= Ffz)m)k_grzzu(n)t rt(z)k'

Thus, from (4.1), we define The covariani differentiation

(4)
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4.3) Svt=dv'+ Il v dx®
and the base connection

@
8x"=dx”+]".x” dx*, =g Tl 2V x’” ‘ .

@ o ® @ _
dxt=dx*+ 1'%, x-’a’x"’ xi=x"+ T % 2 ‘

(4.4)

i
3’ " § 5, Intrinsic connection parameter
In this paragraph we shall introduce the intrinsic connectzon pammeter

Theorem 5.1. If we define EANEEEEE
*Tr.ﬂc Po—80 My Iy The=Ti+ K T i

Ty=5 (=K Tloxey 8, Nj=di—2T%
. RV ; 1 o
| | 1
/]1§= Apg— m(f’}— AyDK,
then *TT% is the intrinsic connection parameter.
1

Proof : From (1.11) and (1.14), we have
G.D ri@®=rr
for a change of parameter and

oxP 9x' ., 9x1 %t

6.2 P57 o v o7 oo™
for the coordinate transformation. Differentiating\ (5.1) with respeh; t‘o"x”“'anc‘l‘ u‘sing (1.11),
we have A 1 ’ .‘ |

(6.3) e+ KO D =T+ K D o

ie, I' jk(t) It g
Further, dlfferentlatmg (5.2) with respect to x”“ we have
sy 0% 9x? 9%, 9x% oxt Er N X . xr -,
J0kT 5 a0 oat . PN 93k Tl Oxioxt T ox) oxt P gk gt

Since K Iy, is a tensor, we obtain

(5.4) 2% 9% oxt ox® 9xt !t Oxf’ oxt 9 x0 2
’ L% oxE oxd oxt r” ox* 9x) oxtaxt | oxd o9xt - re oxk oxm

On the other hand, we have ..

i 2x 2%t b xt o Rt dwh, \
= x e x .
VT oxd ox? @ 1) 9xF oxt 9x79x™ x9 e
Substituting (5.2) to the above equation we have '
=, 9xP Ixt 2zt —, oxt
[ q I
®.5 NJ_ %) 9xt P T gxIoxn naxq 'fm-

Multiplying (5.5) with 2; and summing with ¢ we have
ox1 2kt o B
" i
CORNN 2 oz ?c’ A{‘g Yt o "

Thus, substituting (5.6) to '(5'.4)‘we obtéih

(5)
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=, _ 9x® 9x% 9x ox? 9xt it
5.7 *T ¢ O —_—
67 = ox' 9x* 9%t 1 . % 9x* 9x? 918

Further, from

=8y,  NiO=rNf, T ®O=1"T}y,,

we have
*TT L ? =*TTt
TH®="T5 05D
By means of Theorem 5.1 we can define the intrinsic covariant differential
(5.8) 0V =dv' +* T &, v? dx*.
1

Theovem 5.2: If we define :
2*],]-' *A - Aj(m *A;;, *{ljk:*‘] Gt K */ﬁ(éw *A‘ A‘ 2r'y Ag,
then *'|;|'f,k is an z'ntrinsz'c connection parameter.
Proof : Both /]1_’; and Afy; are given the same transformation, and hence we have

— 9x% 9x) ox* 9y R xt —, Oxt
5_9 Ai=T fdd Ap_z ok It 9= i xls q
69 1 9% oxr ' T oxd axtoxt IIoxt " xxe W
for the coordinate transformation and

(G10) D=1t

for a change of parameter. From (5.2) and (56.9), we have

9x) _ 9x? ox' 2x -
511 * A=
611 Voxt  ox? oxti? oxPoxt
From (5.10) we obtain

13

(5.12) *‘f}u>k= r™? */11.‘!(3)16» *flﬁu)k +K */lﬁum = */11_‘1(1);; + K *Ajx

. x4
and, since K A;qr is a tensor, we have
1

i 950 T D own o DE 0w 0w DR
1T 0% 9a% ox* 17 9x* ox’ oxtox™ ox) ozt oxtoxt | P
At last, substituting (5.11) to the above equations, we have
ST = ox? Ixt Ixt, . 9x? 9x° % xt ‘
BT oxd oxt 2xt B T oxk 9x/ 9xvoxt
Further, from (5.12) and (5.10), we have
T®="T®,
Hence we obtain the covariant differential
61)'=dv‘+”‘|;|'§,c v dx®.

Theorem 5.3 If we define

Q.E.D.

2
*"I;]"}k=l“jmk+KF§(,)k FJ(Z)L ri

then ”"[;]‘},c is an intrinsic connection parameter.
Proof : Differentiating (5.2) with respect to 2™ and using (5.2), we have

- 97 dx? it oxt 9x* R xt
(5.13) r;(l)k 211‘1; Pj(z)p= 2x* ox/ oxt (Fp(l)q ZP Pp(z)s) x* oxf oxtdxt’

(6)
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Since I't I'},,, is an intrinsic tensor, making use of (1.11) we have
—sdr
(Pian=2TE Tip) O == 204 Ty =772 i i

=Djoou— 2% T — (K@ =7 ED7 T 10
and consequently
(b5.14) *Tr;k(t—) =* I;r;k(t)
Thus, since K I'j,), is a tensor, by use of (5.13) and (5.14), we have

wmq _ 9% 9x7 9%t T 2t 5t
2 T oxd ox* oxt ' ox! ox® oxPoxt QED.

§6. DBase connection

We shall introduce the base connection in the special Kawdguchi space.

The expressions

(1) (2) ¢ (2)
61)  Sxt=d(e/FY +TT(x/ Fds®, a3c'=d§c"+*~rr;,c ¥drk,  a=1,2,5,
o -2

are the components of a contravariant vector. The expressions (6.1) give the base connectlon‘

in K2, a special Kawaguchi space of order 2 and dimension n.

Along the base curve the equations (6.1) become
(6.2) éggi:i(x"/F)+*Tr‘ x x'k 1 (2‘— d (:zc) ‘Lt 'IT‘ x’ x'k,
) pt dt w * ’ dt

Thus, making use of (6.1) and (5.2), we have the covariant derivative.
Lately the author have introduced the intrinsic covariant differential in the special Kawa-
guchi space with arc length
= | {Aux, x',..., xM- D)L B, ... x0-DOYP g [4],
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