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Hardy and Littlewood (Harcly and Llttlewood, Proceedings of tlie London Mathematical society, (2),

vol. 25 C1926ji) have proved tlie following theorem :

co
For a given series S a.a^, ( an;;=)=0 ), let 9 be a fixed conslant sucli that

"K+I ^o > i, (k=l, 2,......).
11k ~~

If tliis series be snmmable by Abel's method of summation to tlie sum s> then this series is convergent and

its sum is s.

Obreschkoff ^Obreschkoff, T6hoku Mathematical Journal, vol. 32 (1930)) obtained also a situilar result

for Cesaro's method.

Professor Okada (Y. Okada, Bull. of the Americau Math. Soc. (1937)) obtained tlie following result for

Enler's method :

Theorern. Let S an be a given series snmmable by Eulei's metliod, tliat is, if
11=0

so=0, s,i =ao+;ii-t-............ +a.i-i, Cn^l),

,.^^ ^" + - +-n^^+............ +s,,} =s

exists; and for two given increasing sequences {ilk}, {n/i;}, (nk<n/k), of positive integers and for a given

number a, Cl^a<2), let

o.v=o, for nk<r<n/k, (k= I, 2,............),

a,,=0(a").

If n'k/iik^ (I+?.;/(1—?), (k=l! 2,............), for a positive number i? such that

(l-l-i?-) log (l+i?)Kl-i?;) log (l-i?)-21oga>0,

then

"k
lim S av=s.

h—»oo y==o

co
Professor Okada's result is about the special case, p=I in Eulet's methoil of summation to S an :

n-0

,1^^177-{('o)^-(?)<lu-ls---""^3 -} =s. <q=2P-l).

Here we will research in the same way about the general case, p^l.
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c"o
Theorem. Let S an be a given series summable by Euler's method, that is, if s»=0, Sn=an+ai+

n-0

+an-i, (nS;l), q=2P-I, (p^l),

<') ,^-c<T^{(S)^K?)('"-ls-+--+K) s"}-s •
exists; and for two given increasing sequences {m;}, {n/k}, Cnk<n'k), of positive integers and for a

given number a, let

(2) av=o, for nk<v<u/ir, <k= 1, 2,............),

an=0(a":>,

where l^a<^—1——.
q

If n/i;/uk=:Cl+)?)/(l—l?)> (k=l> 2,••••••••••••), for a positive number v such that

O+i?) log (l+?5+(l-i?) log C'-i?)-2(log (—2^-) +loga)>0,

then

nic
(3) lim S av=s.

k ->oo y=i0

Proof. To prove this, we can consider tliut all E/ii—nit-l are even. Then putting

n.+ n/k-^-' +l=m,

from (2) we have

am-l = am-2 =•••••••••— = ani>-+l=0,

am=am+i= ••••••...... = a^--s=0.

Hence, if we put

so3)=oHl^{(5)^^n."-ls^----^(^s"}.
then we liave

s^ - s'" = (q+ll,2.n {q2mso+2niq^-l8, +-2nl^m- 1) q^-^ + ...... + S2,n}

-7.1+W {q2'nsm ' 2mci2m-1SM + 2m^m-'^."-.s,,,+......+ .„>}

=7q+W{-cao+"""+ ank)l2m-2mCa>+••••••+ ^,^."-1- 2"lC^m-l)

x(a, 4- ...... + "n,)q^--....... 2m(2m-l>.^.^m-n.-H) ^ ^_,,^
nic!

-I-J^^^"-"^ a^q2m-n/,_ , + ......+ c"n',,+ .-•• ^a^-oj.

Therefore

s<D - s... I ^ t—3__\!m 2mC2m-l)......C2m-nk+l) r^ i^j ^ ...... ^ |aS2m-sm|^: [ ^ | ^ ^ ,-"~ ~~ ' ~" Ll(|ao|+---"-+

+(|ai| 4-......+ | a^|) +......4- [ an,J}+{| a,^| + ([ »,^\-{-\ a,^ ^ ])+......

+(] an/J+......+[a2,n_i[)}].

Since from (2) we can find a positive constant M such that |an|<Ma", (n=0, 1, 2,••••••); we get

«<r)_<_ I /- 7M ^ qa Vm^.^^s 2m(-2m-_l)......(2m--nn-1.1)I ^ - Sm I < ^1 ^^-j- j (n, + I)" --- -- -' ^f •1»^
«•
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e2'" l°s "' 2mr(2m)
-22m - rCm+H)rCm-^) '

where a/ = 2<la ,
q+1 •

Let us now put

e2mlogd/ 2mr(2m') ^1 ^ 2q ym 2mr<2m)
'm) =^-22m— r(m+/l)rcm-^y= 22'" I q+1 ) T(mVI)i\m

f(m) =

7\m+,0r0"-'0 22'" \q+l ~ ] F^m+f.) F^m-f.)

e2.n log w 2mrc2m)
~22">r(m;i-ff)) r<;m(i+5)y-'

where f.=m8, CO<3=(n/K-Dk+ l)/n/ic+Dk+ 1)<1).

Then

logfCm;) =2m log a'—2m log 2+logC2m)

4- (2m --1—) log(2m)-2m+0(l)

- ^l-8)--^-}j logC(l-(?;)m)+(l-5)m+0(l)

- ^1+8)--^-^ log«l+3;)m)+(l+(?)m+OCD

=-m^(5)+-^-logm+U(I),

where

((.(5.)=<l+3^1og(l+5)+(l-3)log(l-5)-21oga/.

Since from our assumption we have l^a< l , that is,
q '

1 ^-2^j-^-^ij-"<2, we get I^<2.

A fixed number Va, (l>i?o^0) such that 0'i?o)=0 for the above a' exists necessarily.

Any number tl such that i?o<?<! for this ?o gives i,(<i?)>0.

When ti is so fixed, it follows from CO that

lim Sn,=lim s^,)=s for 1 >S>v.

From the other assumpliou n'k/U];^(l 4-?)/(.l—v) to the above Vi we have

n''n-nk+l

n'li+nn+l

Consequently !>3>i? since

S = Cn/k - Uk 4-1 )/(n/l< + Uk + !).

Therefore

,.llnL8"h =_um. 8"'=s-
k—ioo "" m—^oo

Thus our theorem is proved.

Remark. From Theorem and Knopp's tlieorem (Knopp, Math. Zeitschrift, vol. 15 (1922)) folloivs

immediately Ostrowski's theorem :

00
Let f(Z)= S an z" be a power series whose radius of convergence is 1.

n-0

If ay=0 for nk<)/<n/i(,

and

1/1
^<1+6, (k=l,2,.
Uk
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0 being a positive constant, then the partial sums SH]; of this series converge uniformly in a full neigh-

bourhood of every regular point of the funclion, f(Z) on the unit circle.
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