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Hardy and Littlewood (Hardy and Littlewood, Proceedings of the London Mathematical society, (2),

vol. 25 (1926 ) have proved the following theorem : -

on
For a given series X ap,, Cany30), let § be a fixed constant such that
k=1 . .

nk+1 =0>1, k=1, 2, .
Ny

If this series be summable by Abel’s method of summation to the sum s, then this series is convergent and
its sum is s. ) ‘
Obreschkoff (Obreschkoff, Tohoku Mathematical Journal, vol. 32 (1930)) obtained also a similar result
for Cesiro’s method. ’ _
Professor Okada (Y. Okada, Bull. of the American Math. Soc. (1937)) obtained the following result for

Euler’s method :

Theorem. Let st ay be a given series summable by Eulet’s method, that is, if

n=0
50=0, Sp=agtag cerreorees +an-1, (n=1),
. nn—1y o |
u—]-;l;a on {SQ oo 21 St . +s“f i

exists; and for two given increasing sequences {nx}, {0}, (e<<n’i), of ‘positive integers and for a given
number a, (1=<a<2), let

ay=0, for nelv<n'i, (k=1, 2, cceeeenere s

a,=0(a"). ‘

If o= (423 —7), k=1, 2,meeeeniennes ), for a positive number 7 such that

L+ log (1+7) +(1—%) log (1 —=9)—2log a0,
then

Ny
lim X ay=s.
koo y=0
Professor Okada’s result is about the special case, p=1 in Euler’s method of summation to ) an !
T n=0

S 1 n - n
Bt {(B)rn{ Do) ) comron

Here we will research in the same way about the general case, p=1.
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o
Theorem. Let X an be a given series summable by Euler’s method, that is, if 50=0, sn=ng+a+
n=0

sseseeseetancy, (n=1), q=2r—1, (p=D,

ot (B a7 1 (2) w0 ) =

exists; and for two given increasing sequences {my}, {0k}, (Mx<n%), of positive integers and for a
given number a, let
2> ay=0, for nky<n, (k=1, 2,.ceeieneinn N
an=0Ca™),

where l§a<qT+l.
If n/ifme 4+ )/ —=9), k=1, 2,00encennn ), for a positive namber » such that

CHm) log (L+m+Cl—9) log (1—7) — 2¢log (q_zfl_) +1og a)>0,

then
. Nk ’
3D lim % ay=s.
. k Sen y=0

Proof. To prove this, we can consider that all n/y—mnyx—1 are even. Then putting

/i —nx— |

5 +1=m,

ng +
from (2) we have

Bm—1 = Ameg = ceerereseeet = Ap +1=0,

AM = Q41 = creverrerees = an’k"" =0'
Hence, if we put
¢ 1 n n
snb):_((“_—j)n {(8)(111504_(] )qn—ls,+ ............ +(n) Sn },
then we have
1 - 2m(C2m—1) _
bgg? — Sm =W {qzmsO+2n1q2m 1, +———§l—q2m 250 o enviee + szm}
! - 2m(2m~1) _ 1
- (q+ Dam {quSm F 2mq?m sy +—2T——q2“‘ 2ot eeee 4 Smf
L g oo 4 By B0 2mCa e am—1_ 2m2m—1)
= T @0t e B R 2mGat e apqm-t— ZnCZm=D
X (g 4 weeere AP e 2111(2111—l)..l.].l..'(Zm—nk-l-l) ap, q2m=1y
<
\ I B it bt
* (nx+ D1 A ANy~ 1 + (Apfgt +am—1) ¢
Therefore
m 2m(2m—[D.eeee (2m—ng+1 '
Isg2 — s | = 4 jr 2m MDD (g 4t |8 )
+(lag| +ooeees FAng] ) bt b | A FH{] i+ C Bafd | B £ 1D A e
+( l al]'k' 'f‘ """ -+ ]?12111—1[ )}].
Since from (2) we can find a positive constant M such that |an|<Man, (n=0, [, 2, Y, we get
58— sm | < 20 (95} "n g 10 2=y Com i )
q-+ l ng !
.
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e2m log &/ zmr(zm)
<M 22m I(m+2)IM'(m—21)’
where al = 20 , A=m=nk
: q+1
Let us now put .
f(m) = e%m log.a/ 2mI’'(2m) _ ( 2q -, )Zm _ 2mI'(2m)
- 22m IF'(m+ ) I'(m=—A) 22m q+1 I'(m+A) I'(m—2)
or )
_ e log o/ ' 2mI"(2m)
‘ f(m) = 27m o l—0)) F(m(l1+6))
where- A=mg, (0<0=@—nk+ 1)/ n+n+ D,
Then
log f(m) =2m log ¢’ —2m log 2 +1log(2m)
+ (2m —+)'1og(2m)_2m+‘ou) _ -
- {m(l —&) _%} log((1 —8m) -+ (1 —SHm+0¢1)
— {m(l +0) —%} log(Cl+3)md+ (1+H>m+0C1)
= —-mt,b((?)-#—;'— log m+40O(1),
where
$0)r=C1+0dog(L+3)+ (1 —Dlog(l —8>—2log o’
Since from our assumption we have 1| §a<%_l, that is,

1 =< qux = 2;11 2<2, we get lZal<l2.
q

-~ A fixed number 7, (1>>9,=0) such that ¢ 7,)=0 for the above &’ exists necessarily.
Any number 7 such that 7o<#< I for this , gives ¢(»)>0. ‘
When 7 is so fixed, it follows from (l) that

lim sy =lim s{8) =s for 1>d>7.

From 'the other assumplion n’x/nx=(l+72)/(1—%) to the above 3, we have

n/k—ng+ 1 ‘ :
0/r+nk+ 1 >

Consequently 1>d>7% since

0= (x—nx+ Df(0/x+ng+ 1.
Therefore

kli)uolo Suk = mglgo S =8
Thus our theorem is proved.

Remark. From Theorem and Knopp’s theorem (Knopp, Math. Zeitschrift, vol. 15 (1922)) follows
immediately Ostrowski’s theorem :

Let f(Z)= ¥ an zt be a power series whose radius of convergence is 1.
n=0-
If ay=0 for nx<v n¥y,
and

/i <1+0 (k=]’ 2, ...... N
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0 being a positive constant, then the partial sums  sp, of this series converge uniformly in a full neigh-

bourhood of every regular point of the Cunction, f(Z) on the unit circle.

s



