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Abstract

The purpose of the present paper is to study an extended Lie system in the strict sense
which be considered as a manifold resembling very closely a simply transitive group manifold.

In § 3 we shall consider the relation between group manifolds and an extended Lie system
V. {£,a} with affine Killing property and divergence property. In § 4, we give some appli-
cation of a theorem of Bochner-Lichnerowicz on the Betti number of a Riemannian manifold.

§ 1. Introduction

We consider an n-uple extended Lie system V, { £,a} which is connected and paracompact. Let
x% be local coordinates in a neighbourhood of any point peV and let (X,) and (w?® be the basic
frame and coframe respectively in the tangent space T,. On an extended Lie system, we can
consider the reciprocal scalars d %, and the structure scalars a %, (4). An extended Lie system
is called an extended Lie system in the strict sense if the following relation is satisfied:

(11) dgc:d[%c]_,

and we shall denote this extended Lie system by ‘s/n{ ¢a) (8],
Then, we have

(1.2)  8,df. — 0edlat dbadbe—dbedba—abedte= 0,

(1.3) ASohe+ abetbat abatts— Oathc— Ovttta— O0c’ar= 0,
aa{a

where a§c=—a%, and g.qf,= L2
b3
§ 2. C-extended Lie system
We can put by (1.1)
(2.1) %= 0+ oy where bav=dluw -

An extended Lie system in the strict sense is called a c-extended Lie system if the following
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56 C. SHIBATA
relation is satisfied in (2.1),
(2.2) b%c = const..
By virtue of (1.2), (2.1) and (2.2), we get

(2 . 3) aaafbc_ 6’ca€a: aﬁba§c+ aebcdfea'f‘ decaéljzzb+ dizbbgc
+ Clebcbéa—- aecabj;b_ afecbga+ aef;zbbec — blemb'efc+ bgcbga .

substituting (2.3) in (1.3), we have

(2.4) Osc= bpcblct ahebba+t afablct afebbs+ alobie+ abrbla— blﬁzbfec )

from which and (2.3), it follows that
(2- 5) déba?c+ d{cdf‘a+ a&a%—l— agbbi‘c+ Clgcb;a‘I‘ déa b;b: 0 .

Now, let 8,, and ¢ be the components of the Riemannian metric and the connection
forms with respect to the basic frames respectively. Then we have

(2.6) dictdbe= 0,

and if put of=T%.° from (1.2) and (2.1) we have
(27)  Ie=—sdf,
(2.8)  Ricu={dSud % dSed’a),

where R ¢., are the componets of the curvature tensor field with respect to the basic frame. Then,
by virtue of (2.1), (2.4) and (2.5) we have

(2.9)  Rica=-(afahot afebbat aliblet alust blubfe— bhebta).
Further, from (2.6) it follows that
(2.10)  Rica=—y 3~ ahattut alable— alcbta—atabla-t bloblu— blable).
Since Rasca= Rcaas , We get
(2.11)  d&déa—déad éo=d5ad bc—dbed 2a,
and
(2.12)  abablo+t ahablet alebla= abobla+ atcblia+ atabia.
In a c-extended Lie system, by making use of (2.1), (2.2) and (2.6), we have
(2.13)  afa=bba=const.

Here we give lemma which will be often used later.
Lemma 2.1. An extended Lie system Vao{tal becomes a simply transitive group manifold
if and only if

(56)



A Note on Extended Lie Systems as Riemannian Manifolds 57

(2.14) blgc:().

Our terminologies are compared with those for extended Lie systems as follows:

" (aéa=comnst.) extended Lie system

]

extended Lie system in the strict sense

group manifold

(dib:dgb)

(bgCZO

c-extended Lie system

§ 3. The affine Killing property and the divergence property.

We consider an n-dimensional differentiable Riemannian manifold M with metric tensor g =

(gas). A Riemannian manifold M is said to have affine Killing property if, in some neighbour hood

of each point of M, there exists an orthonomal frame {X;, X, -+ , Xu} such that each X, is an
affine killing vector field. Such a frame is called an affine Killing frame.

Next, a necessary and sufficient condition for a vector field V'=(v9) to be an affine Killing
vector one is given by

VeV o0+ Rocav®= 0,
In V. {¢al which is, by (2.1), (2.7) and (2.8), reducible to
(3.1)  3.0s0°={d&0cv°+d 00— d §c0c*+ (3cd fo— bFed c
+bfedbe)v’} =0,
For a vector field V=C%X, (C%: any constant), from (3.1) which is given by
(3.2)  (Bed §o— bbsd éct bfedbc)c’= 0.
Here, by virtue of (2.1) we have

Proposition 3.1. In an extended Lie system in the strict sense, a necessary and sufficient
condition for a vector field C*X(C% any constant ) to be an affine Killing vector one is given by

(3.3)  (0d%o— b5 bc+ bFed bc)c”= 0 .

By virtue of (2.1) and (2.2), we can state

Theorem 3.2 In a c-extended Lie system, a necessary and sufficient condition for every vector
field X, to be an affine Killing vector one is given by

(3.4) Octéo— bh b3+ blsble— atebhe+ alebls= 0,
Next, a necessary and sufficient condition for a vector field V'=(v?) to be a projective Killing
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vector one is that there exists a covariant vector field ¢, such that
(3.5) V oV 50+ R8cav®= pa 0% + e 6%
In this case, the components ¢. are given by ¢.=d.(y %)/ n+1.

In( 2 ), we know that a necessary and sufficient condition for a vector field V=C%Xq(C*
any constant) in \} {gal to be a projective Killing vector one is given by

(3.6) C®0:d%— dloeyd b+ d&rdie—2{(8sd t7) 6%
+( 0:d%r)0% n+1]=0

Then, in a c-extended Lie system , by making use of (2.1) and (2.2) we calculate (3.6) and get

(37) Ce[acagb'_ béeb;c'i" bgfbic"‘ a?cbge'*' Clgcbgf
—2{(0sals)0%+ (8cals) 68}/ n+1]= 0.

Since dyacss= 0 by means of (2.13), which is reducible to
(3.8)  C°[0cals— beb%e+ bsrble— dicblet atebls]= 0.

Consequently because of Theorem 3.2 and Formula (3.8) we have

Theorem 3.3 I a c-extended Lie system Vy, {Ea}t, a projective Killing vector field C*X,(C*%;
any constant ) is an affine Killing vector one.

Next, an extended Lie system V, {£a} as Riemannian manifold is said to have a
divergence property if there exists a basic frame so that any one of the following equivalent
conditions holds

a) divX,=0, a=1, 2, e , %
n
b) agll[‘&,:O, =1, 2, ... , N

Such a frame will be called divergence-free and each X, is called an incompressible vector
field( 1 ). A necessary and sufficient condition that div X,=0 for each vector field X, in \sf{g,a}
is

(3.9) o= 0.

By virtue of (2.1) and (2.2) , this condition is equivalent to
(3.10)  adetbas= 0.

Then, from (3.10) and (2.13) , we get
(3.11)  @b=0 and bg=10,

Thus we can state
Proposition 3.4. If a c-extended Lie systewm as Riemannian, manifold has the divergence
property, then it follows that

b
dab= bgb: 0.
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Now, in (2.4) we take ¢ =a and sum on, then, by means of (3.4) and (3.11), we get
(3.12) aSsblc— blebfs=0 .

Further, in (3.4) we take ¢ =¢ and sum on
(3.13) a%ble+ blebfe= 0.

Consequently from (3.13) and (3.12), we obtain
(3.14) bteb=0  and a%bic= 0,

On the other hand, for the components R,, of Ricci’s tensor field from (2.9) and (3.14),
we have

(3.15)  Ruc=(beblot aeate).

Further, by means of (3.11) and (3.14), it becomes
(3.16)  Rue=— yaisale.

Here if we put §,.= —a¢,a’., then from (3.16) we have

Rbc: % 5bc .

Thus we can state

Theorem 3.5. In a c-extended Lie system with the divergence property, if every vector field X,
isan affine Killing vector field and if we put 8= —aésa’,, then the cextended Lie system is
an Einstein manifold.

It is well known that in a compact and orientable Riemannian mamifold, an affine Killing
vector field is a Killing vector one, and it is already shown in [ 4 ) that if evry vector field X,
is a Killing vector one, the extended Lie system in the strict sense becomes a simply transitive
group manifold. Consequently from the above theorem we obtain

Corollary 3.6. In a compact and orientable c-extended Lie system with the divergence property,
if every vector field X, is an affine Killing vector field, then the c-extended Lie system becomes a
simply transitive group manifold and if we pul Sve= — absde (rank|alatd=n), then the
c-extended Lie system is a semi-simple group manifold. :

Now, it is already show in ( 8] that

(3.17) W R%ca= —{(d§edp%sa— d sap%sc) —(d sopFaa— dsapiac)}/8
where
(3.18) Pha=20dut+didia+t d5rds..

Let the extended Lie system in the strict sense have the affine Killing property. Then,
substituting (3.4) in (3.18) we get

(3.19) Pa=dadér— d ad ot d bad o drda.
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Further, by means of (2.11), it is reducible to
(3.20) Soa=d 4ol tg— d Sed to+d 5ad b+ d brd %,

On the other hand, from (1.1) and Bianchi’s equation it becomes
(3.21)  d%d%—dSdSatdsdir—dide=d5udr—dtrda.

Thus, by virtue of (3.21) and (3.20), we have
(3.22)  P%a=dsdba—d5ad+2d5ad s,

Consequently substituting (3.22) in (3.17), we have

(3.23) W REca=d i dsdba— d%ad %)+ d§4d5ed d—d5ud bc)
+ d 5 d%udba— d%ad %a) + d ba(d Sad be— d 5ed %a).

Finally by virtue of (2.11), we can conclude
V,‘Rgcd: —dgcd‘ggdgd+dgddgf ga: 0.

Here we have
Theorem 3.7. If a cextended Lie system V, {(gal has the affine Killing property, then the
space locally symmetric, that is, the Riemannian curvature is covarint constant.

§4. Betti numbers

In this section, we give some applications of a theorem of Bochner-Lichnerowicz on the Betti
numbers of a Riemannian manifold M. We assume that the manifold is compact and orientable.
The following theorems are well known

Theorem A. Let M be an n-dimensional compact and orientable Riemannian manifold. If the
quadratic form

(4 . ]- ) FP( X) :2:—2_1}? (lbch abasmachga"- dp+ R bCXbazm a’Xcar" Apy

is every positive-definite, then p-th Betti number bp=0 (7).
Theorem B. (S.Tanno (5)) Let A be a symmetric linear transformation of a vector space V,
then, for every k and every X ¢ V we have

(4.2) (AX, X)*<[traceA™]"" (X, X)*=((ATAM]"" (X, X)*,

where (, ) is a positive-definite inner product, and if X, Y, A elc, have mdices more than one
with respect to an ovthonormal basis, then we understand that

(AX)2 = AEX ™,
(X, Y)=X"Yapc .

Now, in a Riemannian manifold M, we define T =(Tasca) thus

(43) Rabcd:CI(Rbcaad““ Rbd&zc)‘*’ Ca (Radé\b(:4 Racabd) - C3R(5bc aad“ Bbd&w) + Tabcd,
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where ¢y, ¢;, c3 =const. . Then, by virtue of (4.1) and (4.3), we have

FP(X):{l—(c1+cZ)(p—l)}Rch”X%p%l Tapca XX 4 s R(p—1) X **X s .

If Rec v®ve is positive-definite, we have the smallest positive eigenvalue o of the matrix
(Rsc). Then we have

FP( X) = { a— ( aci+ aC:— R )(‘1)~ 1)}XabXab+L‘—‘—21 TabchabX cd R
where ¢ is an eigenvalue of the matrix (Rye). Since Tapeq 5 Taas in general, we define *7 by

(4.4) *T ——Rabcd—'CI+Cz(Rb05ad—Rbd§bc+Rad5bc RacOva)+ 3 R(55c00a— Svabac).

abcd

Then we have *Tapca= *Tcaas  and *TapcaX 20X 4= TopeaX X 4.
Therefore, putting ( *7) =( *T (asycay We have
Theorem 4.1. Let M be a compact and orientable Riemannian manifold. If Ry vov® is

positive-definite, and for p, 2<p<(n/2) , it follows that
(4.5) a—(aa+ac—aR)(p—1) LX) (1ym]ees o,

for some integer k= 1, then p-th Betti number bp= 0
From the above theorem immediately we can state
Corollary 4.2. If clzcgzm and cazm then T%.q become the components

Cea of the Weyl conformal curvature tensor and (4.5) is veducible to (c.f (5))

:,ll Zzpa"‘(n 1)(721 Z)R 2 21 [((d~[am)]V*> 0.

Corollary 4.3. If ci=1/n—1, and c;=Cs= 0, then T ¢.qbecome the components W 2,4 Of the
Weyl projective curvature tensor, and (4.5) is reducible to

2L (W CWINIs 0 [of(5)]
Corollary 44 If ci=ce= 0, and cs=1/n(n—1), then T %:.q become K seu(Cf Y. Tomonaga -
(6))
Corollary 4.5 If ci=c:=0, Cs=1/nn—1), and spca= 0, then M has a constant curvature.
Next, when we consider the extended Lie system in the strict sense, by virtue of (2.10) and

(4.1), we have

FAX)= Rchch-i—LRabchabXCd Ruc X

+ Basca XX} Cavca XX %),

where
Atsca=21aGata
(4.6) B:zbcd:;( bScbaa— bSabic) ,
Cavca=2(atabGot atebls +aiabta).

If Ry vbye is positive-definite , we have the smallest positive eigenvalue o of the matrix
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(Rsc). Therefore we get
(4.7 FoX)Z §aX®%Xo. ,Z,J’—g-lq Alrpea X% X4 1
| BascaX 2 X |+ |Clsea X 9 X ).
By means of (2.10) and (4.6), we have

A:zbcd:A::dab,
(4.8) B:zbcd:B,cdab,
C:zbcd: C::dab .

Hence, we can apply Theorem B, and get
(4.9) FoX)= % [2a— (p—1D{(traceA’*)** + (traceB'**)"'**
+ (traceC'* )V **]1 X 2% Xaymay.

Consequently, we can state
Theorem 4.6 Let the extended Lie system in the strict sense be compact and orientable. If
Rocv?0° s positive-definite, and for p, 2<p<(n/2]) ,
2a_(p_1)[([A:kA/k])1/Zk+([B;kB/lz])UZk_i_([C:kclk])lwk]> 0,
holds for some integer k2 1, then b,=0.
If b%= 0, by Lemma 1.2, then the extended Lie system in the strict sense is a semi-simple
group manifold., In this case we have

W%Xar"ap Xoar < Rabchabagma’XCdaawap <0 s
and o= 1/4. Consequently from (2.10) and (4.8) it follows that
(4.100 © <%AabchabXCd: RascaX X< X% X gma,

and Blsea= Chsca=0. Then the quadratic form (4.7) is, by means of (4.10), reducible to

FAX) 232X X o,

Thus we obtain b;=b,=0 and b;> 0. this being a well known fact (7).
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