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Abstract

We generalize a convergence theorem of K. Strebel [5] for a sequence of quasiconformal mappings
in the plane to a theorem for a sequence of quasiconformal mappings in n-space. If we use the three
dilatations of a linear mapping, then the statement for the absolute value of the complex dilatation in
the above theorem remains true in n-space. Futhérmore we mention relations among the three dilata-

tions to the convergence.
§ 1. Introduction

K. Strebel established the following theorem in the plane : Let (f,) be a sequence of
K-quasiconformal wmappings of a domain D onto a domain D' in the plane, whﬁ converge to
a K-quasiconformal mapping f uniformly on every compact subset in D. Then lim | K.(z)| =
|K(2)| a. e in D where K(z) (resp. Kn(2)) is the complex dilatation of ;M(O;esp, fa). If
equality hohs on a set E of positive measure, then theve exists a subsequence (m,) so that
lim K. (z)=K(z) ae onE.

It is the purpose of this note to generalize the above theorem to a theorem with higher
dimensions. The n-dimensional case can be also treated by the same method as K. Strebel’s.
In particular we will borrow most of his proof. Since we cannot consider the corresponding di-
latation to the complex dilatation, the three dilatations of a linear mapping are used ([6] p. 43).
The basic properties of n-dimensional quasiconformal mappings are given in [6] for =3 and
in [3] for u =2 respectively. In addition we refer to many papers and books ({1], [2], [4] and
others). To many of them we are indebted.

§ 2. Preliminaries and Examples

2.1. We fist introduce some notations and terminology. Let R” be the n-dimensional
Euclidian spce. If x € R", x;, i=1, 2, ..., n, will be the i-th coordinate of x with respect
to a fixed orthogonal basis {e1, e, ..., en}. For a subset A of R™ we denote the closure and
the complement by A and C(A) respectively. If A is a measurable subset of R" ma(A)=
| A|. is the n-dimensional Lebsque measure. The subscript n may be omitted if there is no
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86 Katsuyuki OKABE

danger of misunderstanding. If E, F and G are subsets of R”, the notation A(E, F, G) is
used for the family of all paths joining £ and F in G. Let I"be a family of paths in R”. Then
I'” denotes its image under a mapping f. Suppose that D is a domain in R”. If a mapping f :
D— R” is differentiable at x, then a linear mapping f'(x): R”— R”" exists at x and defined
by f'(x)e:= 8:f(x). We use the so notations | f'(x |._|m|a_1x | f (xR, I f’(x))—min
|7 (x)Rh| and J(x, f) = det f'(x). A homeomorphism f : D— D’ is said to be Kquasxcon
formal if and only if the following conditions are satisfied : (1) £ is ACL (absolutely continuous on
lines), (2) f is differentiable a.e., (3) for almost every x€ D and a finite constant K >1,
ol /K < | (x, £ < KJLGF (o)™ The functions  H\(f"(x)) = [J(x, F/I(F (2 )",
Ho(F () ="/ J(x, )| and H(f =\|flIF (x)), called the inner, outer
and linear dilatation of f'(x) respectlvely, are defmed almost everywhere in D. We denote by
AL, Az ... An positive square roots of the proper values of f'(x)* f'(x) where f'(x)* is the
adjoint of f'(x). We also consider mappings in the compactified n-space R"=R"U{}.
A homeomorphism f: D— D’ is called quasiconformal if the restriction f; of f to D—{oo,
f7'(00)} is quasiconformal. The dilatations of f are defined to be equal to the dilatations of f;.

2.2. Let (f;) be a sequence of K-quasiconformal mappings of a domain D in R”, which
converge locally uniformly to a mapping f : D— R", Then f is either a constant or a
K-quasiconformal mapping onto a domain D’ in R”* (Corollary 21.3 and Corollary 37.4[6] or
Theorem 13([1]). In the latter case, Theorem 34. 4 and Theorem 37.2[6] imply that

ess sup Hi(x)) < hn;lﬂlilf (ess sup Hi(fi(x)))

and

ess Sup Ho(f'(x)) < iim inf (ess sup Ho(fi(x))).

Joo

The sequences H,(f(x)), Ho(f}(x)) and H(f}(x)) do not always converge a.e. in D.
Moreover, even if they do, it does not necessarily follow that lim H.(fi(x)) = H\(f'(x)) ae
hm Ho(fi(x)) = Ho(f'(x)) a.e. and hm H(fi(x))= H(fj(;o)) a.e.in D.For =2 O.Lehto
and K. I Virtanen gave an example so that hm |[Ku(2)| > K(2)| a2 (3] p. 195). On the other
hand, an example such as hm] Ki(2) < K z)l a.e. has been given by K. Strebel [5]. For
n =3 we shall construct such exmples. They are given in R3. For we can get them by the
same way for n =4.

Example 1. For every finite constant K >1 we construct quasiconformal mappings f, of
the cube Q@={x|0<x:<1,i=1,2,3} with the following properties : (1) £, — x uniformly in Q,
(2) Ho(f7(x)) = K? almost everywhere in @ for every n. To do this we divide @ into #?®
cubes Quin={x|(h—1)/n<xi<h/n, (k—1)/n<x:<k/n,(m—1)/n<xs<m/n} h,k m=
1,2,..,n For n=1,2,..., we first define @»(¢) on 0=¢<1/n by ex(t)=Kt for 0<t=
(K+1)/n(K*+K+1), (1/K)t+(K*—1)/nK? for (K+1)/n(K?*+K+1)<t<1/n and
secondarily define @ua(x1) on (A—1)/n<x:< h/n by oanlx1) =@u(xi—(h=1)/n)+(h—1)/n
and finally define a quasiconformal mapping gaxm of Quum onto itself by grem(x)="{(@n(x1),
X2, ¥3). By definition, the formula f,(x)=gnrn(x) for ¥ € Quim defines a homeomorphism £,
of @ onto itself. Since a face in B® has ¢-finite 2-dimensional measure, by Theorem 35.1 [6],
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A Convergence Theorem for Quasiconformal Mappings in Space 87

it follows that f, is quasiconformal with the outer dilatation Ho(fn(x)) = K? ae. in Q for
every #. On the other hand, since f,(x) maps Quem onto itself, we have|f(x)—x|</3 /n
at every point x € Q. Thus we obtain a sequence f, with the required properties.

Example 2. Let @ be the same as Example 1 and define f in @ by f(x) = (4x,, 2%,
x3), which has the dilatations H\(f"(x)) =8 = Ho(f(x)) and H(f'(x)) = 4. Moreover we
define f; in @ by fi(x) = (4x:+(sin jx1)/j, 2x2+(sin jx2)/j, x5), which has the dilatations
Hi(fi(x)) = (4+cos jx:1)(2+cos jx2), Ho(f{(x)) = (4+cos jx1)?/(2-+cos jx2) and H (f{(x))
=4+cos jxi. Clearly f;— f uniformly in @ and the sequences H,(f}(x)), Ho(f}(x)) and

H(f;(x)) do not converge a.e. in Q. Since hm cosji=1 a.e and hm cos ji=-—1 a.e.
(except for every ¢ so that #/x becomes a rational number), we have 11m Hl(f,;( N<H(F (%))

e, lim Ho(fi(x))<H(f'(x)) a.e. and lim H(f(x)<H(f'(x)) ae in Q.

Therefore, for the sequence H,(fj(x )) fo converge to H\(f'(x)) a. e, we have no way
but %1%} Hi(fi(x)y=H\(f'(x)) a.e. on a set E. of positive measure. This is similar to the

other two sequences.

3. A Convergence Theorem

We begin by giving the lemmas with no proof. We can get them by modifying Theorem
5.3, Theorem 25.1 and Theorem 25. 2 [6].

Lemma 3.1 Suppose that f is a quasiconformal wmapping. Then the functions LF (x|,
(), J(x, £, Hi(f(x)), Ho(f'(x)) and H(f'(x)) are Borel functions.

Lemma 3.2 Suppose that U is an open set in R and S U~ R s a quasiconformal
mapping. Suppose next that o I- U is a locally vrectifiable path so that [ is absolutely con-
tinuous on every closed subpaths of a. Then foa is locally rectifiable. If e: |foal= R is a non-
negative Borel function where |foal is the locus of foa and R' is the two-point compactification
R'U{—o00, 00} of R', then

[, eds= [ e(Fx)) 10D el

Theorem. Let (f;) be a sequence of K-quasiconformal mappings of a domain D in R"
onto a domain D" in R", which tonverge to a K-quasiconformal mapping F of D onto D' uni-
Jormly on every compact subset in D. Then hm H{(fi(xNzH(f(x)) ae in D. If equality
holds on a set E of positive measure, then there exists a subsequence (j,) so that hm Hi(Filx))
=H\(f'(x)) a e on E. This is similar to the other two sequences.

Proof. The proof will proceed by several steps.

1. First we consider the sequence Ho(f(x)). Let xo be a point in D so that f is differen-
tiable at x, and the jacobian J(x,, /) of f at xo does not vanish. By performing a preliminary
similarity transformation, we may assume that xo=0= f(x,) and 1= ;=2 A, >0. Let Qa(x,)
be a cube so that Qu(x0)C D and Qu(xo) has the center x, and the length g of the edge of
Qalx0). Foreach An/2>e>0, we can find §>0 so that |f£(x)— £'(0 Yx|< ae for all @< & and
x € Qa(0). If we give a sufficiently large number j, for every fixed ¢ < &, then also |f;(x)—

(0)x]| < ae for every j>jq. Let A and B be the faces x1= —¢a/2 and. x,=¢/2 of Qa(O)
respectively and let 7y : (—a/2, a/2)— Q4(0) be a line segment defined by »,(¢)=y+te
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for y€ G= Qa(0)N{x € R|x:1=0}. Set I'=4(A, B, G). Then y, € I". Since fA lies between
the hyperplanes x;={(—A:/2+¢)a and since fB lies between the hyperplanes 21=(A/2%€)a,
I(fory) = (A1 —2¢e)a where [(fory) is the length of foyy and foyy€ I". By Theorem 4.1 and

12
Theorem 5. 3[6], we have a(/\1~28)éfa/2|ff(y+tel)ldt. Integration over y € G yields by
-a

Fubini's theorem

6. "(h—20)5 [ dma () [ 173+ ten)lat

= [ 1£50) ().

Applying Holder’s inequality twice, we obtain

(3.2) a"”(/\l——Ze)"é(f I](x,f;)l”érd?%) (fmlf] |" >

< [ 170, kim [, S g,
@™ V() +2e)(Aa+2€)..... (/\n+2€)f ||]f(1 x}|;|

Hence, for every a <&, j> ja and for almost every xo€ D, we have

(Ai—2¢e)" _ ,
33 Mi+2e)(Ae+2e)(An+2e) — Ho(f'(x0))—o0(e)

<757 S et S50 dm

where 0(e)—0 as e~0. Applying Fatou’s lemma to the sequence of K —Ho(fj(x))=0
in Qau(x0), we obtain

(3.4) lim Ho(fi(x)) /n<f im Ho(f/(x)) dm.

e v Qa(x0) Xo)J-oo

(3.3) and (3. 4) imply

(3.5) . Ho(f'(x0))—o0(e)=

x| /; lim Ho(fi(x))dm.

! a(xg) j—roo
Suppose that hm Ho( f{(x) < Ho(f'(x)) a.e. on a set E of positive measure. Then there
exists a posxtwe number 4 such as hm Ho f{{x)=Ho(f(x))—d ae on E. Since
[im Ho(fi(x))= K a.e on Qalx0)—E, we have
Joo

B o)~ o= 157 f, HAS D= dddmt 157 [, am

émf (Ho(f (x))~d)dm+mf%_£dm

On the other hand, the density theorem implies 11m lé) | f Holf'(x))dm=Ho(f (x0))
at almost every point xo€ D. Therefore, for a~>0 we flI‘St have Ho(f'(x0))—o0(e)=
Ho(f'(x0))—d and after that, for e»0, we have Ho(f (x0))<Ho(f (x0))—d. This is
a contradiction. Hence m(E)=0. Namely we obtain Eré Ho(fi(xN=2H(f'(x)) a.e. in D.
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A Convergence Theorem for Quasiconformal Mappings in Space 89

2. By Theorem 21.11[6], the inverse mappings f;' converge to f~! uniformly on each com-

pact subset in D’. Then the relation Hi(f'(x))=Ho(f " (%)), v=f(x) yields ?1}—1;} H(fi(x))

2H\(f'(x)) a.e. in D. Next we show that lim H(fj(x))=H(f'(x)) a.e. in D. From
Jrroo

Lemma 3. 2, it follows that a(An+25)g/1:/il(f;(y+te,,))dt where y€ Q(0)N{x € R|xn=

0}. By Fubini’s theorem, we have

(3.6) a"nt26)2 [ 1(Fi(x))dm
Qq
Schwarz’s inequality and (3. 6) yield
an i

6.7 = [, W) .

By (3. 1), (3.6), (3.7) and Holder's inequality, we obtain
/11_28>n ’
3.8 = —
(3.8) () =HG =o' @27 [, HUfH)a

where 0’(e)—0 and ¢— 0. We hold our assertion if we repeat the before-mentioned arguent
for (3. 8). '

3. Suppose that lim Ho(fj(x))=Ho(f'(x)) a.e. on a set E of positive measure. If Ho(f’
(x))=1 on E, theJrIm1~hmHo(fJ( ))—llmHo(fJ( ))=1 a.e. on E. For that reason, we
may assume that Ho(f’ Ccmj)>1 ae on E. By the density theorem and (3.3), for each
e>0, we can find §>0 so that

(3.9) Ho<f'<x(,>>—sgg;§ /. Ho(f;(x))dmgg_iﬁ

1 L
1Qdl ~= |Qd
S Jim HoriCdm= 157 [, HoF Ge)dm < Hol £ (o)) +

[ Hol £50x))dm

= |Qa|
for every g < & and almost every point x, € E. Set E,=EN{x| le <r}. Then E, is bounded
and E, is contained in a open set G, which satisfies m(G—E;)<e¢ for an arbitary &>0.
The closed cubes Q.(x), x € E;, a <& cover the set £, in the sense of Vitali By Vitali's
covering theorem, there exist a countable number of cubes Q.. (%), 2 € E, @, < 8 which are
non-overlapping and satisfy m(F—E,)<m(G—E,;)<e where EC F= Lu) Qalx,)CG. We
denot H,(fj(x)), Ho( fi(x)) and H(fj(x)) simply by H,; Ho; and H; respectively. Since
(3.9) is satisfied in each Qq/x,), we obtain (Q,= Qa4.(x,) and Ho;(x)=Ho(fi(x)))

(310 3 Holx) ,,—aIFISZ‘.hmf Hosdm= ST [ Hosdm

v jmoo

<> | Tm Ho; dm<2 Ho(xv)al+¢|F|.

14 Qu j=eo

(3. 10) and the relations

Slim [ Ho < hmeQ Hay = lim fFHOj

Vv oo N

and

hmeoJ§lem HoJ

J oo [ A

(27)
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yield

G1) 0= [ fim Ho—lim [ Ho<2Fle<2e(|E/ +e).
On the other hand, we have

(3.12) 0= [ Tm Hyy— [ Tm Ho=[  Tim Hy<Ke

F j—oo Er jooo F—Ey jnoo

and

(3.13) 0=lim f Ho;— lim f Ho=lim [ HysKe.

Joo Jmoo Jeo F-E

(3.11), (3.12) and (3. 13) imply

fHPETQf Ho;=Tim [ (Ho— Hos)=0.

g Er

From (Ho.— Hoj) = (Hoj— HoU 0, it follows that
an (Ho— Ho) = f lim (Ho— Hoi) "= 0
J-reo E E rj—~eo
Hence l.im/E |Ho— Hojldm=0. This means that H,(f/(x)) converges to Ho(f'(x)) in the

oo
L'-metric. By the well-known theorem, there exists a subsequence (j,) such as Hy;,— Ho a. €.
on E,. Thus Ho(f] (%))~ Ho(f'(x)) a.e. on E=E, if we take the diagonal sequence (j,).
4. Suppose that 1_1@ H (A xN=H.(f'(x)) a.e. bn a set E of positive measure. We show
that there exists a subsequence (7,) so that lim H.(f},(x))=H.«(f'(x)) a.e. on E. Choose
a compact set F so that FC fE, m(fE«F)V;me for an arbitary ¢>0. By Theorem 21.10,
fiY|F are defined for large j and f;'- f~! uniformly on F. From the assumption and the
relation Hi(f"(x)= Ho(f (), y=f(x), it follows that i Ho( /5 "(y)) = Ha(f ()

a.e. on F. Therefore there exists a subsequence (j,) so thgtwlim Ho(fi7(¥))=Ho(f " (v))
a.e. on F. Since ¢ is arbitary and since a quasiconformal mappiuﬁg satisfies the condition ()

(Theorem 35.2[6]), thus we obtain lim H.(fj(x))=H\(f(x)) a.e. on E. Next suppose that
Iim H(f;(x))=H(f'(x)) a.e. on a set E. of positive measure. Repeating the before-stated
Jeo

argument for (3. 8), we have our assertion. Thus the proof is complete.

4. Relations among the Three Dilatations to the Convergence

The question arises whether, if one of the sequences H.(f;(x)), Ho( fi(x)) and H(fi(x))
converges to the corresponding dilatation a.e. on a set E of positive measure, then, passing to
a subsequence if necessary, the remaining two converge to the respective dilatations a.e. on E.
However the following examples show that this is contradictory.

Example 3. Let Q ={x|0<x:<1,i=1,2,3} and define f and f; by f(x)="(4x1,2x.,
xs) and by fi{x)=/(4x,, 2x:24+(sin jx2)/j, xs) respectively. Then f;— f uniformly in ¢ and
H{fj(x))=4 =H(f(x)). Nevertheless the sequences H\(fj(x)) and Ho{fj(x)) do not
converge a.e. in ).

Example 4. Let @ be the same as Example 3 and define f and f; as follows: f(x)=

(28)
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(4x1, 2%2, x2+x3) and fi(x)=(4x1, 2x2+ (sin j(x2+xs))/j, x2-+xs) respectively. Then f;— f
uniformly in Q. We compute the dilatations. From A;=4, Az=(a?+2a+3+{(a®+2a+3)?
— 4} and Aa=(a’+2a+3—{(a*+2a+3)*—4}"?)'"* where @ =cos j(x2+x3), we have
Ho(fi(x))=8=Ho(f’(x)). On the other hand, the sequences H,(f;(x)) and H (f;(x)) do not
converge a.e. in Q.

If two of those sequences converge to the respective dilatations a.e. on FE, then, by
H{f (x)"=H(f'(x)) H{f'(x)), it is clear that the remaining one converges to the corre-
sponding dilatation a.e. on E. However we can state the following relation: Suppose that
lim H(fi{x))=H(f'(x)) a.e on a set E of positive measure. Each sequence converges to the
Jc;;respondz'ng dilatation a.e. on E if one of the sequences H\(fi(x)) and Ho(fi(x)) only con-
verges a.e. on F .

To prove this we assume, without loss of generality, that lim Ho(fi(x))=Ho(f'(x))*>
Ho(f'(x)) a.e. on E. Then H,(fj(x)) converges a.e. on E anj(foiim H(fi{x))=H\(f (x))*
=>H,(f'(x)) a.e. on E. Therefore we have o

H(f (x)"=lim H(fi(x))"

Jmoo

= lim Hi(£{(x)) lim Ho( £1(x))

J =00 J-oo

=H\(f"(2))* Ho(f"(x))*> H\(f'(x)) Ho(f"(x))
=H{f"(x))",

which is a contradiction.
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