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Abstract

We generalize a convergence theorem of K. Strebel [5] for a sequence of quasiconformal mappings

in the plane to a theorem for a sequence of quasiconformal mappings in n-space. If we use the three

dilatations of a linear mapping, then the statement for the absolute value of the complex dilatation in

the above theorem remains true in n-space. Futhermore we mention relations among the three dilata-

tions to the convergence.

§ 1. Introduction

K. Strebel established the following theorem in the plane : Let (/„) be a sequence of
K-quasicon formal mappings of a domain D onto a domain D' in the plane, which converge to

a K-quasiconformal mapping f uniformly on every compact subset in D. Then lim |.K'n(^)| ^
n-~w

I K(z}\ a. e. in D where K(z) (resp. Kn(z)) is the complex dilatation of f (resp. /n). V
equality hohs on a set E of positive measure, then there exists a subsequence (nv) so that
lim Kn^z) = K(z) a. e. on E.
I/-00

It is the purpose of this note to generalize the above theorem to a theorem with higher
dimensions. The n-dimensional case can be also treated by the same method as K. Strebel's.

In particular we will borrow most of his proof. Since we cannot consider the corresponding di-

latation to the complex dilatation, the three dilatations of a linear mapping are used ([6] p. 43).
The basic properties of n-dimensional quasiconformal mappings are given in [6] for w^3 and
in [3] for n==2 respectively. In addition we refer to many papers and books ([I], [2], [4] and
others). To many of them we are indebted.

§ 2. Preliminaries and Examules

2.1. We fist introduce some notations and terminology. Let R" be the n-dimensional

Euclidian spce. If x^R", Xi, i==l, 2, ..., n, will be the i-th coordinate of x with respect

to a fixed orthogonal basis {ei, 02, ..., en}' For a subset A of jR" we denote the closure and

the complement by-A and C(A) respectively. If A is a measurable subset of 7?", mn(A)=
I A \n is the n-dimensional Lebsque measure. The subscript n may be omitted if there is no
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86 Katsuyuki OKABE

danger of misunderstanding. If E, F and G are subsets of 7?", the notation A (I?, F, G) is
used for the family of all paths joining E and F in G. Let F be a family of paths in R . Then
F' denotes its image under a mapping /. Suppose that D is a domain in R". If a mapping / :

D-> R" is differentiable at x, then a linear mapping f'(x) : R"-tR" exists at x and defined

by f'(x)ei= 9if(x). We use the so notations \f'(x)\ = max \f'(x)h\, l(f'(x)) = min
I /i|==i \h\ ==1

\f'{x)h\ and J(x, f) = det f'(x). A homeomorphism / : D-> D' is said to be ^-quasicon-
formal if and only if the following conditions are satisfied : (I) / is ACL (absolutely continuous on
lines), (2) / is differentiable a. e., (3) for almost every x £ D and a finite constant K>1,
\f'(x)i"/K^\J(x,f)\^K/l(f'(x))". The functions H,(f'(x)) = \J(x, f)\/l(f'(x))",
H»(f'(x)}=[f'(x)[n/\J(x,f)\ andH(f'(x))=if'(x)\/l(f'(x}),ca\\ed the inner, outer
and linear dilatation of f'(x) respectively, are defined almost everywhere in D. We denote by
Ai, \2, ..., An positive square roots of the proper values of f'(x)* f'(x) where f'(x)* is the

adjoint of f'(x). We also consider mappings in the compactified n-space R" =R" U {00}.
A homeomorphism /: D-t D' is called quasiconformal if the restriction /i off to Z)—{oo,
/-l(oo)} is quasiconformal. The dilatations of / are defined to be equal to the dilatations of /i.

2. 2. Let (/j) be a sequence of 7^-quasiconformal mappings of a domain Z) in Rn, which

converge locally uniformly to a mapping / : D-> R", Then / is either a constant or a

7^-quasiconformal mapping onto a domain D' in R" (Corollary 21.3 and Corollary 37.4 [6] or
Theorem 13 [1]). In the latter case, Theorem 34. 4 and Theorem 37. 2 [6] imply that

and

esssup Hi(x)) ^ lim inf (esssup Hi(fj(x)))
xiD ^" s^D

esssup Ho(f'(x))^ummf (esssup Ho(f^x))).
x e D j'-oo .( e D

The sequences Hi(fj(x)),Ho(f^-(x}) and H(fj(x)) do not always converge a. e. in D.
Moreover, even if they do, it does not necessarily follow that lim Hi(f^(x}) = Hi(f'(x)) a.e.,
l.im Ho(fj(x}) = Ho(f'(x)) a.e. and lim H(fj(x))} = H(f'(x)) a.e. in D. For n=2 O.Lehto
and K. I. Virtanen gave an example so that lim \Kh(z)\ > \K(z)\ a. e. ([3] p. 195). On the other
hand, an example such as lim|ir;,(<r)| < |/?(^)| a. e. has been given by K. Strebel [5]. For
n^ 3 we shall construct such exmples. They are given in 7?3. For we can get them by the

same way for n^4.

Example 1. For every finite constant K>1 we construct quasiconformal mappings /„ of

the cube Q= {A'|O<,Y,<I, 2=1, 2, 3} with the following properties : (1) fn-'x uniformly in Q,
(2) Ho(fn(x))=K2 almost everywhere in Q for every n. To do this we divide Q into n3
cubes Qhk,n= {x\(h-l)/n<xi<h/n, (k-l)/n<X2<k/n, (m-l)/n<X3< m/n} h,k, m=
1,2,...,%. For ^=1,2,..., we first define y)n(f) on 0^^1/n by cpn(t)=Kt for O^t^

(K+l)/n(K2+K+l), (l/K2)t+(K2-l)/nK2 for (K+l)/n(K2+K+l) ^ t^l/n and
secondarily define cp,,i,(xi) on (h-D/n^Xi^ h/n by(p,,h{xi)=(f>,,(xi-(h-l)/n)+(h-l)/n
and finally define a quasiconformal mapping g^km of Qhhm onto itself by gi,km(x)=((fihk(xi),

X2, Xs)- By definition, the formula fn(x)=gi,iim(x) for x e Qhkm defines a homeomorphism /„

of Q onto itself. Since a face in R3 has cr-finite 2-dimensional measure, by Theorem 35. 1 [6],

(24)
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it follows that /„ is quasiconformal with the outer dilatation Ho(f'n(x))= K a.e. in Q for
every n. On the other hand, since f,,(x) maps Qi,i,m onto itself, we have \fn(x)—x\^^/~3/n

at every point x e Q. Thus we obtain a sequence /„ with the required properties.

Example 2. Let Q be the same as Example 1 and define / in Q by f(x) = (4xi, 2x2,
xs), which has the dilatations H^f'(x)) = 8 = Ha(f'(x)) and H(f'(x)) = 4. Moreover we

define fj in Q by fj(x) == (4:Xi+(sm jxi)/}, 2x2+(sin jx2)/j, Xs), which has the dilatations
H,(f^x)}=U+cosjx^2+cosjX2),Ho(f^x))=(^+cosjx,)2/(2+cosjx2)mdH(f,(x))
==4+cosy-fi. Clearly /.,-»/ uniformly in Q and the sequences Hi{fj(x)), Ho(fj(x)) and
H(f^(x)) do not converge a. e. in Q. Since limcosyY=l a. e. and Hm cos jt=—\ a. e.

J-^w j-^w

(except for every t so that t/7i becomes a rational number), we have lim Hi{f^(x))<H(f'(x))
a.e., UmHo(f!(x)}<H(f'(x)) a. e. and Hm77(/;(A;))<^(/'(A;)-) a. e. in <3.

T-at -.^" . .- . -^ ... ^ J-^ oo

Therefore, for the sequence Hi(fj(x)) to converge to H\(f'(x)) a. e., we have no way

but Hm Hi(.f'j(.x)) = Hi(f'(x)) a.e. on a set £. of positive measure. This is similar to the
-* 00

other two sequences.

3. A Convergence Theorem

We begin by giving the lemmas with no proof. We can get them by modifying Theorem
5. 3, Theorem 25.1 and Theorem 25. 2 [6].

Lemma 3.1 Suppose that f is a quasiconform.al mapping. Then the functions \f'(x)\,
l(f'(x)), f(x, /), Hi(f'(x)}. Ho(f'(x)) and H(f'(x)) are Borel functions.

Lemma 3. 2 Suppose .that U is an open set in R and f : U-1 R is a giias icon formal

m.apping. Suppose next that a :I-' U is a locally rectifiable path so that f is absolutely con-
tinuotis on every closed subpaths of a. Then foa is locally rectifiable. If e: \foCt\-> Rl is a non-

negative Borel function where I/o ff| i.s the locus of fo a and. R * ;s the hvo-point compactification
^?lU{-oo, 00} o/7?1, then

eds> I e(f(x)}l(f'(x)}\dx\.
fQOt J a

Theorem. Let (fj) be a sequence of K-quasiconforn'ial mappings of a domain D in R"

onto a. domain D' in Rn, which tonverge to a K-qiiasi.conform.al mapping f of D onto D' 'uni-

form.ly on every compact subset in D • Then \vm.H\{.f'j{x))'^H(.f'(x)) a. e. in D. If equality
J-oo

holds on a set E of positive measure, then there exists a subseqnence (jv) so that \imHi(f^u(x))
L/-<oo

== Hi(f'(x)) a. e. on E. This is similar to the other two sequences.

Proof. The proof will proceed by several steps.

1. First we consider the sequence Ho(fj(x)). Let xo be a point in D so that / is differen-
tiable at Xo and the jacobian f(x»,f} of / at x» does not vanish. By performing a preliminary

similarity transformation, we may assume that Xo=0=f(xo) and Ai^A2^'-'^^n>0. Let Qa(xo)

be a cube so that Qa(xo)^-D and Qa{x») has the center xo and the length a of the edge of
Qa(xo). For each A,,/2>e>0, we can find 5~> 0 so that \f(x)-f'(0)x\<ae for all a<Sand
x s Qa(0). If we give a sufficiently large number ja for every fixed o; < S, then also |/,y(A;)—
f'(0)x\<aE for every j>ja. Let A and 5 be the faces ;i'i= -all and. xi=a/2 of Qa(0)
respectively and let r,,: (—ff/2, ff/2)-* Qcz(O) be a line segment defined by ry(t)=y+tei

(25)
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for ye G=Qa(0)n{x^R\Xi=0). Set r=zl(A,B, G). Then r^er. Since/A lies between

the hyperplanes Xt==(—^i/2±e)a and since fB lies between the hyperplanes^i=(Ai/2±e)(Z,
K/or.y)^(Ai—2e)(3' where l(fory) is the length of fo-yy and /oyy€ F'. By Theorem 4.1 and

a/2
Theorem 5. 3 [6], we have a(\i—2e)^ / \fj(y+tei)\dt. Integration over y6 G yields by

-a/2

Fubini's theorem

(3.1) ffn(Ai-2e)^/_rfm»-i(y)/ ,l/J(y+tei)|^
G •/ -al2

\f'Ax)\dm(x\
Qa

Applying Holder's inequality twice, we obtain

(3.2) a't\^-2eY^(i \f(x, fj)\^dm)n~1 ( (_ ff;w, dm}
Qa" • - -• I \JQa\J (X, fj,

^M-'f,W'.fM»f..^^^

^"('i-l)(Ai+2£)(A2+2£)......a<+2£) (_ ffM^ dm.
'Qa \J(X,fj]

Hence, for every a < S, j>ja and for almost every xoe D, we have

(3-3) U^)^t^2e)=H^'^-0^

^f^HO(^x))dm
where o(e)->0 as £->Q. Applying Fatou's lemma to the sequence of K—Ho(fj(x))^0

in Qa(xo), we obtain

(3.4) Tim / .Ho(fj(x))dm^ I Urn Ho(fj(x))dm.
j-~ -' Oa{Xo) '' ^Oa(Xo)j-»

(3. 3) and (3. 4) imply

(3.5) . H»(f'(x»))-o(£)^^±r t. ,mHo(fj(x))dm.
lal •/Qa<.xo)J-"

Suppose that Ifm Ho(f^(x)) <Ho(f'(x)) a.e. on a set E of positive measure. Then there
exists a positive number d such as lim Ho(fj(x))^Ho(f'(x))—d a.e. on E. Since

J-tOO

Urn Ho(f^(x))^K a.e. on Qa(x»)—E, we have

Ho(f'(xo})-o(£)^^ /'. _(Ho(f'(x))-d)dm+rK^ f_ dm
>a\ -iQanE •-•-••• • ](^[ JQ^E

^^-T f (Ho(f'(x))-d)dm+JLr [_ dm.
M -iQa ~ \Va\ •'Qa-E

^
On the other hand, the density theorem implies lim-r^-r / Ho(f'(x))dm=Ho(f'(xo))
at almost every point xo^ D- Therefore, for ff->0, we first have Ho(f'(xo))—o(e)^

Ho(f'(x»))-d and after that, for e-^0, we have Ho(f'(xo)}^Ho(f'(xo))-d. This is

a contradiction. Hence m(E)=0. Namely we obtain Um Ho(fj(x))>Ho(f'(x)) a.e. in D.

(26)
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2. By Theorem 21.11 [6], the inverse mappings //' converge to /-1 uniformly on each com-

pact subset in D'. Then the relation Hi(f'(x))=Ho(f-l'(y)), y=f(x) yields Uin Hi(f^x))
^Hi(f'(x)) a.e. in D. Next we show that lim H(f^(x))>H(f'(x}) a.e. in D. From

J-t °°

Lemma 3.2, it follows that a( \n +2e)^ f l(fj(y+ten))dt where ye Qa(0)r\{x e R\Xn=
-a/2

0}. By Fubini's theorem, we have

(3.6) a"(An+2e)^ j l(f^x))dm.
On

Schwarz's inequality and (3. 6) yield

(3.7) ^a^-^^ lWx))-ldm.
ln-1-Ze —-'<?o

By (3. 1), (3. 6), (3. 7) and Holder's inequality, we obtain

(3.8) fA^I£yi=W(^))"-o'(£)^^ !_^H(f'Ax)Ydm
,n-t-^£/ " ' ~" ' ' ~ \l^a\J Qn(xa)

where o'(e)->0 and £->Q. We hold our assertion if we repeat the before-mentioned arguent

for (3. 8).

3. Suppose that Uin Ho(fj(x))= Ho(f'(x)) a. e. on a set £ of positive measure. If Ho(f

{x))=l on E, thenl='[imHo(f^(x))=\mi Ho(f^(x))=l a.e. on E. For that reason, we
may assume that Ho(f (x))> 1 a, e. on E. By the density theorem and (3.3), for each
e>0, we can find 5~>0 so that

(3.9) Ho(f'(xa))-£^\m^ f, ^o(/J(^))^m^lim-T7LT f, Ho(f'Ax))dm
7^ I Va\ •' Qa " J-"\Va\JQa

^TTTT f. iim^o(/J(^)Wm=^ f. ^o(/'(x))(/m^^o(/'(.Co))+£\Qa\ J^—"""'-'^""—- \Q^\ JQ^

for every a < S and almost every point xo e E. Set £r==£n{.v| H<^}. Then Er is bounded
and Er is contained in a open set G, which satisfies m(G—Er)<£ for an arbitary e>0.
The closed cubes Qa(x), x £ Er, a < 5 cover the set Er in the sense of Vitali. By Vitali's
covering theorem, there exist a countable number of cubes Qa»(xv),Xu^ E, av< S', which are

non-overlapping and satisfy m(F—Er)^m(G—Er)<£ where EC:F=UQa^Xu)<^G- We
t/

denot Hi(fj(x}), Ho(fj(x)} and H(f^(x)) simply by Hij, Hoj and Hj respectively. Since
(3.9) is satisfied in each Qa^Xv), we obtain (Qy= Qa^Xv) and Hoj(x)=Ho(f^(x)})

(3.10) T,Ho(x^aS-e\F\<^\m I Hojdm^ SUm / Hajdm
y t/ j^ oo */Qy t/j-oot/Ot/

^2 / ]imHojdm^Ho(xv)aS+E\F\.
V ^ Qv J-+w ^

(3.10) and the relations

21im /_ Tifo.^UmI; /_ H«j=]m l_H»j
^ ^^ ^/Q^, JZioo V J Qv ^-<oo */F

and

Hrn /_^o^2Hm / H,
J^oa J F ~ ~~v J-Wt J Qi,

(27)
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yield

(3.11) 0^ / lim^o.-Um I _Hoj<2\F\e<2e(\Er\+£).
F J-a> J^a, J F

On the other hand, we have

(3.12) 0^ l_]imHoj- I \tmHo,=l_ UmHoj^Ke
FJ-^m ^ErJ-Ct ~ •I F-Er J-oo

and

(3.13) O^Urn / Hoj-Vm I Hoj^ Um / Hoj^Ke.
T^co-T T^oo J Er J^mJF-Er

(3.11), (3.12) and (3.13) imply

^o-lim /_ ^=lim /_ (Ho-Hoj)^o.
Er T^m •' Er ~ J-" •I Er

From (H»-Hoj}-= (Ho,-Ho)U 0, it follows that

Urn / (Ho- Hoj)-^ I Um (Ho- H^)-= 0
j^co J E r •' E rj^m

Hence lim / \Ho—Hoj\dm=0- This means that Ho(f^(x)) converges to Ho(f'(x)) in the
j-<oo •/ fr

L'-metric. By the well-known theorem, there exists a subsequence (jr) such as Ho^-' Ho a. e.

on Er- Thus Ho(fj(x))->Ho(f'{x)) a. e. on E=UEr if we take the diagonal sequence (jv).

4. Suppose that Um Hi(fj(x))=Hi(f'(x)) a. e. 6n a set £ of positive measure. We show

that there exists a subsequence (y'y) so that Km H'i(f^(x))= Hi(f'(x)) a.e. on E. Choose
1/-+00

a compact set F so that F<^fE, m(fE—F)<£ for an arbitary £>Q. By Theorem 21.10,
fj~l\F are defined for large j and /71-*/-1 uniformly on F. From the assumption and the

relation Hi(f'(x)=Ho(f-l'(y}}, y=f(x}, it follows that Um Ho(f,-l'(y))^Ho(f-l'(y))
J-+00

a.e. on F. Therefore there exists a subsequence Q'y) so that lim Ho(f^l'(y))=Ho(f~l'(y))
V-i 00

a. e. on F. Since e is arbitary and since a quasiconformal mapping satisfies the condition (N)

(Theorem 35. 2 [6]), thus we obtain lim Hi(fj(x))=Hi(f'(x)) a.e. on E. Next suppose that
Gm H(fj(x))==H(f'(x)) a.e. on a set E. of positive measure. Repeating the before-stated

argument for (3. 8), we have our assertion. Thus the proof is complete.

4. Relations among the Three Dilatations to the Convergence

The question arises whether, if one of the sequences Hi(f'j(.x)), Ho(fj(x)) and H(fj(x))

converges to the corresponding dilatation a. e. on a set E of positive measure, then, passing to

a subsequence if necessary, the remaining two converge to the respective dilatations a. e. on E.

However the following examples show that this is contradictory.

Example 3. Let Q ={x\0<x,<l, i=l, 2, 3} and define / and /, by f(x)=(4:Xi, 2x2,

xa) and by fj(x)=(4:Xi, 2x2+(sm }Xi)/j, Xa) respectively. Then fj-'f uniformly in Q and

H(fj(x))= 4 =H(f'(x)}. Nevertheless the sequences Hi(f^x)) and H»(f^(x)) do not
converge a. e. in Q.

Example 4. Let Q be the same as Example 3 and define / and fj as follows :f(x)=

(28)
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(Axi, 2x2, X2+Xs) and fj(x)==(4xi,2x2+(sm j(x2+Xs))/j,X2+X3) respectively. Then f,->f
uniformly in Q. We compute the dilatations. From Ai=4,Az==(fl2+2ff+3+{(ffz+2ff+3)z
-4}1/2)"2 and ^=(a2+2a+3-{(a2+2a+3)2-^w)t12 where a =cos 7(^+^3), we have

H»(f^x))=S=Ho{f'(x}). On the other hand, the sequences H^f^(x)) and H(f'Ax)) do not
converge a. e. in Q.

If two of those sequences converge to the respective dilatations a. e. on E, then, by

H(f'(x))"=Hi(f'(x)) Ho(f'(x)), it is clear that the remaining one converges to the corre-
sponding dilatation a. e. on E. However we can state the following relation : Suppose that

lim H(fj(x))=H(f'(x)) a. e. on a set E of positive measure. Each sequence converges to the
corresponding dilatation a. e. on E if one of the sequences Hi(f^(x)) and Ho(f^'(x)) only con-
verges a. e. on E.

To prove this we assume, without loss of generality, that lim Ho(f^(x))=H»(f'(x))*>
Ha(f'{x)) a.e. on E. Then H^f'Ax)) converges a. e. on £ and lim H^f^x))=HAf'(x)Y
>Hi(f\x)) a. e. on E. Therefore we have

H(f'(x))n=\\mH(f'Ax)Y
j^m

=\mH,(f^x})\mH»(fj(x))

=H,(f'(x)rH»(f'{x)r>H,(f'(x))H»(f'(x))
=H(f'(x))",

which is a contradiction.
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