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Abstract

The purpose of this paper is to establish the following theorem which is a generalization of
Rado's theorem.

THEOREM. Let E be a set of zero capacity in the complex plane, and Eo be a closed subset
of a hyperbolic Riemann surface R. If fGHt,(R—Eo)(0<p^00), i.e. f is of class Hp (Hardy
class) on each component of R—Eo, if f is nonconstant on some component of R—Eo,and if for

every sequence {iZn}^=i in R—Eo such that an~>ao^Eo and lim f(an)=bo exists it is the case
n^w

that bo<=E, then f has an analytic continuation to R.

Introduction

The following very interesting theorem of T. Rado ([ 5 ]) was proved by many authors
(H. Behnke-K. Stein, H. Cartan, E. Heinz, R. Kaufmann, I. Glicksberg and etc.).

THEOREM 1 (Theorem of Rado). Let f(z) be a nonconstatant com.plex-valned continuous
function defined in.an open unit disk U={\z\<l}. If f(z) is analytic in each component of
£/—/-1(0), then f(z) is analytic in U.

E. L. Stout extended the theorem of Rado as follows.

THEOREM 2 (Theorem of Stout). Let E be a set of zero capacity in the complex plane, and
let Eo be a relatively closed set in U. If f is a function bounded and analytic in U—Eo, if
/' does not vanish identically, and if for every sequence [zn}'^=\ in U—Eo such that Zn-'Zo^Eo

and Um f(zn)= Wo exists it is the case that tUo^ E, then f has an analytic continuation to U.
«->co

Myron Goldstein and T. R. Chow ([ 3 ]) generalized this theorem by replacing U by an
arbitrary hyperbolic Riemann surface and replacing the assumption that / is bounded by the
assumption that / belongs to the Hardy class Ht>(0<p^oo) i.e. / \t> posseses a harmonic
majorant. Thus their therem reads as follows.
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THEOREM 3 (Theorem of Myron Goldstein and T. R. Chow). Let E be a set of zero capacity
in the complex plane, and let Eo be a closed subset of an open Riemann surface R. If

f^Hi,(R—Eo)(0<p^00), t-e. f is of class Hp on each component of R—Eo,and if for for every
sepuence {an}^=i in R—Eo stick that an-'ao^Eo and Um f '(an) == bo exists it is the case that

/1-*00

boeE, then f has an analytic continuation to R.
Although their argument is very interesting and contains wide generality, it is somewhat

complicated and difficult to follow. So we give here an alternating proof by a potential
theoretic method.

Preliminaries

Let R be a hyperbolic Riemann surface, Rli be the Martin compactification of R, and A\
be the set of all minimal Martin boundary points of R. For each b^A\, we set

^6={G|G is open in R and R- G is thin at A}.

Let 0 be a continuous mapping of R into a compact topological space X. For each Aezli,
we define

0A(&)== ^n_ ^(G)
G€^O

where the closure is taken in X. If 0 (b) is a single point of ^T, then we replace this by
(f)(b). Let 7(0) be the set of all points b^Ai for which 0A(A) consists of a single point
of X. If X is metrizable, let y be a path on R terminating at b^Ai, We set

C(r, 0, &)={y|ye^ and /;'m 0(An)=6/ for some sequence {&n}^=i on y}.
M~*oo

By modifying the argument in the proof of Hilfssatz 14. 1 c) in [ 1 ], we can easily prove:
LEMMA. Let R be a hyperbolic Riemann surface, and X and Y be two compact metririzable

spaces. If 0 2s ff continuous mapping of R into X and ^i is a continuous mapping of R into Y,
then for each b^A\ there exist a path y on R terminating at b such that C(f, 0, b)= 0(6)

andC(r,^,b)=^(b).
COROLLARY. In the previous lemma, suppose &e 7(0)0 7(0), ^ew </zere e^sfc fl ^ff^ 7

on R terminating at b such that lim 0(c)=0(6) and Urn c]}(.a)= ==(/i(b),
yea->6 yea-^jb

REMARK. As a generaliztion of the lemma, we can easily show the following statement :

Let R be a hyperbolic Riemann surface and Xn(n=l, 2, ...) be a compact metrizable space. If
0n(%==l, 2,...) be a continuous mapping of R into Xn, then for each b^A\ there exists a path
y on R terminating at b such that C(r, 0n, &)=0n(&).

Proof of theorem 3

Let G be a connected component of R—Eo on which / is nonconstant. It then follows

that G is hyperbolic. Let n denote a mapping of G into R^ such that n{z)=z for each
2-6 G. Since TT is a Fatou mapping of G into .R and /c, the restriction of/ to G isa Fatou
mapping of G into the complex plane C, by a theorem of Fatou (Sstoz 14.1 in [ 1 ]), TT and

(2)
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/c are defined a.e. on zlf where zlf is the set of all minimal Martin boundary points of G
and /c is regarded as a continuous mapping of G into the one point compactification C of
C. Set £i=7(7r)H''7(/c) and £2={a|ff££i and Tr(a)^Eo). Suppose xc(E2)>0, where ^G
denotes the canonical measure of 1 defined on /]?. Let fle''7(7r)H'7(/c). By the corollary ro

the lemma, there exists a sequence {an}^=i in G such that lim an=a, lim 7t(an)=7r(a) and
«~*oo n-oo

Urn /G((Zn)=/c((z). Set £3=/c(&). By a theorem of Riesz (Satz 14. 1 in [I], Es is of
n->oo

positive capacity. On the other hand, since Es is a subset of E and E is of zero capacity,
Ea is of zero capacity. This is a contradiction. Hence ^c(-E2)=0, so that ^c([a\a^R and
7r(a)i=7?})==0. By a theorem of Constantinescu and Cornea (Satz 27 and p. 80 in [2], n is
of type-Bl. By a theorem of Heins (Theorem 21. 2 in [ 4 ]), Eo has zero capacity. By a the-
orem of Parreau-Yamashita (Theorem 3 in [7]), / has an analytic continuation to R,
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