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Abstract

In our previous paper [4], we investigated the totally umbilical submanifolds in Sasakian
manifolds. |

In this paper, we shall examine the totally contact umbilical submanifolds in Sasakian
manifolds.

§1. Statement of results.

In this paper, we shall prove the following theorems:

THEOREM 1. Let M be a totally contact umbilical contact CR-submanifold in a Sasakian
manifold M. If M is not anti-invariant and dim M > 6, then the mean curvature vector uis
parallel and the anti-invariant distribution D* is equal to {¢u>.

THEOREM 2. Let M be a totally contact umbilical submanifold with non-zero parallel wmean
curvature vector u in a Sasakian manifold M. If $u is tangent to M, then M is a contact
CR-submanifold with anti-invariant distribution D*=<{gu>. Furthermore, M admits a homothetic
second Sasakian structure.

The following corollary is a direct consequence of Theorem 1.and 2.

COROLLARY. Let- M be an n(> 6)-dimensional totally contact wmbilical submanzfold with
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non-zero mean curvature vector u in a Sasakian wmanifold M, and assume that M is not
anti-invariant. Then M is a contact CR-submanifold if and only if the mean curvature vector
w is parallel and ¢u is tangent to M. In this case M has an anti-invariant distribution D=
{gu> and adwmits a homothetic second Sasakian structure.

§2. Preliminaries.

(1) Sasakian manifolds and second Sasakian manifolds.

Let M be a (2m +1)-dimensional manifold, ¢ a tensor field of type (1,1), & a vector field
and # a 1-form on M. If (¢, &, #%) satisfies the conditions
@D 7=l
and
2.2) P X=—X+n(XD&
for any vector field X on M, then M is said to admit an almost contact structure (¢,&,n) and
M is called an almost contact manifold. For the almost contact structure (¢, &, #), it follows
that
2.3 HE=0, 7(¢X)=0 and rank ¢=2m.

Suppose that, on an almost contact manifold M, there is given a Riemannian metric
< , > satisfying
Q2.4 (X, YO+X,¢Y>=0 and (X)=<X,&.

Then the almost contact structure is said to be metric and M is called an almost contact
Riemannian manifold.

If an almost contact metric structure satisfies
2.5 2e{¢ X, Y>=dn(X,Y)
for some non-zero constant ¢, then the almost contact metric structure is called a homothetic
contact metric structure. M with such a structure is called a homothetic contact Riemannian
manifold. When c¢=1 in (2.5), the structure is a contact melric structure and M with this
structure is a confact Riemannian manifold.

If an almost contact structure (¢, &, #) satisfies
(2.6 X, Y]+[¢X,¢Y]—¢ldX, Y]~ ¢[X¢Y]+d77(X Y)&=0,
then the structure is said to be normal.

If a contact metric structure (resp., homothetic contact metric structure) is normal, the
structure is said to be a Sasakian structure (resp., homothetic Sasakian structure) and M is called
a Sasakian manifold (resp., homothetic Sasakian manifold).

It is well-known that the following identities hold in a homothetic Sasakian manifold:
Q.0 Vx E=cdX.
2.8 (Fx ) Y=c((YDX KX TY>8.

An almost contact metric structure (¢,&,7,{ , >) on M is a homothetic Sasakian
structure if and only if (2.8) holds.

The Riemannian curvature tensor R of a Sasakian manifold M satisfies
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R(@X , ¢Y)Z=R(X,Y)Z-AKY ,ZXXHZ ,XDY <Y ,¢Z0¢pX+{$pZ,X>4Y,
RX,¢Y)Z=—R(PX ,YI)Z—KY ,¢Z>X+@Z, XOY Y , 20X ~<Z,X ¢V,
2.9 RXY)E=n(DX—9(XDY
and
RE, XY =X Y e—3(X.
Next, let M be a (2m +2)-dimensional manifold. If there exist five tensor fields ¢, &, &,
m and », on M of types (1,1), (1,00, (1,0), (0,1 and (0,1) respectively which satisfy
7(&) =6a, $(ED=0  (a,6=1,2),
X=X+ (XD &+m(X)&
for any vector field X on M, then M is said to admit an almost 2-contact structure (¢, &, &,
.7 and M is called an almost 2-contact manifold.
For the almost 2-contact structure (¢, &:,&,m,7.), it follows that
2.11) - 5,(¢XD)=0 (a=1,2), rank ¢=2m.
Suppose that, on an almost 2-contact manifold M, there exists a Riemannian metric

2.1

{ ,  satisfying

7 X) =KX, &> (a=1,2),

(X, YO+ X Y >=0,

Then the almost 2-contact structure is said to be metric and M is called an almost 2-contact

.12

Riemannian manifold.

If an almost 2-contact metric structure satisfies
(2.13) 204X, Y>=dn.(X,Y) (a=1,2)
for non-zero constants ¢; and’ ¢;, the structure is called a homothetic 2-contact metric structure.
M with such a structure is called a homothetic 2-contact Riemannian manifold. Especially, if
a=c=1 in (2.13), the structure is called a 2-contact metric structure and M with such a
structure is a 2-contact Riemannian manifold.

If a 2-contact metric structure (resp., homothetic 2-contact metric structure) satisfies

L, >=0 (a=1,2)
(2.14)  and
X, Y]+[¢X, ¢Y]—¢[8X, Y] —¢[X,4Y]+dn(X, VD& +dn(X, V)E=0,

then the structure is said to be a second Sasakian structure (resp., homothetic second Sasakian
structuve) and M is called a second Sasakian manifold (resp., homothetic second Sasakian
manifold).

The following identities hold on a homothetic second Sasakian manifold:
(2.15) Vx &= cCapX (a=1,2).
2160 (TP Y=a{n(NNX-nXD&)—-KX, Y>-nXn(Y)E&)

+e{n(VX—n(XD&)~KX, YO —pXDp(Y)E).

An almost 2-contact metric structure on M is a homothetic second Sasakian structure if

and only if both (2.15) and (2.16) hold.

(2) Submanifolds.
Let M be an m-dimensional Riemannian manifold and M an #-dimensional submanifold in
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M. Let< , > be the Riemannian metric on M as well as the induced metric on M. We denote
by ¥ the Riemannian connection on M and by 7 the Riemannian connection on M determined
by the induced metric on M. Then the Gauss formula is given by
Q17  PxY=0x Y+oX,Y)
for any tangent vector fields X and Y on M, where ¢ is the second fundamental form on M
in M.

The Weingarten formula is given by
(2.18) Pyxa=—A. X+Vxa
for any tangent vector field X and normal vector field « on M, where A, is the second
fundamental tensor at @ and " is the normal connection induced in the normal bundle 7M.
For any tangent vectors X, Y and normal vector @ of M, we have
@2.19 A, X,Y>={c(X, Y) a, ‘

A normal vector field p : =~ trace ¢ is called a mean curvature vector. of M in M.

Let M be a (2m ~+1)-dimensional Sasakian manifold with structure (¢ ,& ,7,{ , >)and
M an (n+1)-dimensional submanifold in #. If the structure vector field & is tangent to M and
the second fundamental form o of M in M is of form
@20 oX, =X, Y- 7CO7 (Y Du+7C06(Y, O+ 7(¥)a(X, O
for any tangent vector fields X and Y on M, M is said to be folally contact umbilical. When
o is of form
@22 X, V=Y, O+7(Val(X,&
for any tangent vector fields X and Y on M, then M is said to be fofally contact geodesic. -

(3) Contact CR-submanifolds. :
Let M be a (2m +1)-dimensional Sasakian manifold with structure (¢ ,&,7,{ , >) and
M an (n+1)-dimensional submanifold in #7. We assume that the vector field & is tangent to
M. For simplicity, put & :=& on M and (X):=#(X) for any tangent vector X of M, and
with <{&> the 1-dimensional distribution spanned by & on M; then M is called a coniact
CR-submanifold in"M if there exist two differentiable distributions D and D" on M satisfying
(2.22) TM=DeD"'&<{& :
where D, D* and <{&> are mutually orthogonal,

(2.2  ¢WD)=D; for each &M
and T
2.24) dDHCT: M for each xEM.

Then dim D is even, and the normal vector space TiM is split as TxM =g (D9® N, for any
point ¥€M, where N, is the orthogonal complement of ¢ (Dy) in TxM.
For the totally contact umbilical contact CR-submanifold M in M, we see the following
equations:
Ux Y=0y Y+EX, Y ou,
(2.25) Pra=—kauX+Vxa,
RX,VZ,a>=XY, 203y, a>—<X,ZXVy u, a>
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for any X,Y,Z€DeD" and normal vector field « on M, where k= ":1;

(2.26) c(X,&)=0 and Vy&=¢X  for any XED;
2.2 o (V,5)=4V for any VED".

§3. Totally contact umbilical contact CR-submanifolds.

LEMMA 1. Let M be a totally contact umbilical contact CR-submanifold in a Sasakian
manifold M. If M is not anti-invariant,
(i.e., D+ {0}), then it follows that
3. ued (DO
and
3.2 dim D*=1 or M is totally contact geodesic.
ProoF. For any non-zero X€D, we have
0:(7;( qg),u:ﬁx ¢§/l_¢§ﬁxll
=PtV xdt k| u 12¢X—0xu
=0 x qps— kG yOX+V% st b | p 12X — ¢V p2,
where g, is ¢ (D*)-component of p,p: =g—m and k : = nzl, from which we get
0=CPx i, $X0+k | u 121 X 12— <g75 p, $X>
=X, $X>— <, Vx dX>+k I p 121 X 12
=X Gy, X>=57Cu) 7 (X)) =g, Vx X0+ | g 1201 X 12
=Ly, Tx IX+E0cXO+k | p 121 X 12
=L, 7 XOX— | X 126+@7x X+k | X 12@ud>+k | p 121 X |2
=k(l g 2=l w11 X 2
This proves (3.1).
Next, for any V, WED", we have
n(WDV <V, Wre=(Fy §)W
:7!1 $W“<]§V~V w
=klu, WOVAIy W =07y W—k<V , W) u.
Taking the inner product with V, we get
(3.3 (G WH Il Vol 2=V, WXdu, V.
Interchanging the role of V and W in the above equation, we have
B0 (o, VoI W 2=V, WXdu, W>
From (3.3) and (3.4), we obtain
(3.5) V> {1 W2l V I12=<V, W>}=0
If dim D" >2,<V, éu>=0 for any VED", from which we have x =0 identically. Q.E.D.
LEMMA 2. Let M be a totally contact umbilical contact CR-submanifold in a Sasakian
manifold M. If M is not anti-invariant and dimM >6, then it follows that
Vi u=0
Jor any vector field X on M such that X 1. &.
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PROOF. Assume that ¢ #0. By Lemma 1, we have u=¢ (D" )and dim D*=1. For any X
€D, there exists a YED(Y #0) such that <X, Y>=<(X,4Y>=0, since dim D > 4. From
(2.9) and (2.25), we have

'Y 1%z p,ad=<R(X,Y)Y,ad>=KR($X,gY)Y ,a>=0
for any normal vector field & on M, from which
3.6 Vxpu=0 for any X€D.
Since ga&N for any « €N, we have
I X 1XPyu, a>=<RV,XDX,a>=KB(V ,X)$X,da>=0
for any VED" and non-zero X <D, from which
3.7 Vy nES D"
for any VED*.
From (2.9) and (2.25), we have
RV, XX, Vo=1 VI X |I?
for any XE€D and VED", from which we obtain
I X 1575 u, gV
=RV, XD¢X,V>

=0,
Therefore 7 v u €N for any V&D". Hence it follows that [ ¥ x =0 for any tangent vector field
X on M such that X 1 &. ; Q.E.D.

LEMMA 3. Let M be a totally contact wmbilical contact CR-submanifold in a Sasakian
manifold M. If M is not anti-invariant, then we have
(3.8 Viunsg(DY).
PROOF. Assume that x#0. Since V', gu=¢, 4 and o(Vy, &) =pu, we have
VeVotu=¢A, &~ ¢l u,
where V,€D" such that gVo=px.
Taking the inner product with any « €N, we get
0=<$A,,§.,a>—<q§7§ Hyar
= “<q£l7§ u,a)
=Py u,da>.
Since ¢ (N)=N, we obtain I yc¢(D"). g Q.E.D.
LEMMA 4. Let M be a totally contact umbilical contact CR-submanifold in a Sasakian
manifold M. If M is not anti-invaviant and dim M > 6, then it follows that
3.9 Vw Vo=0
for any WeED", where V,&D" such that q~SV0=,u.
Proor. For any WeD*', by Lemma 2,
—AW=—AW+Vu
= l7~w(q§Vo>
=AW, V> &+ @7 wVot k< Vy, W)y,
where an—H.
Since A, W=k | p 1?WHGW ,ud&=k | pu 12W W, Vo> &, we have
B ou 12W+E0wVet kAW , V> dp=0, :
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from which we obtain ¢ 7w V,€D" by virtue of Lemma 1.
Thus we get VyV,=0, Q.E.D.

THEOREM 1. Let M be a tolally contact umbilical contact CR-submanifold in a Sasakian
manifold M. If M is not anti-invariant and dim M>6, then u is pavallel.

ProOOF. 1t is enough to assume that M is not totally contact geodesic. Since M is not
totally contact geodesic, by Lemma 1, we have dim D*'=1 and p=$(D"). By (2.9) and the
Codazzi equation, we have

Wy W, V)= )&, Vo),
for any WeD*, where (7x )V, 2)=P3c(V,2)—cWx Y,Z2)— (Y ,Vy Z) and
éVo=p. Since ¥y V,=0 by Lemma 4 and V#x=0 by Lemma 2,
Ty o) (&, V)=Fwo(&, V)=Vyu=0,
from which we get
kAW, Vo> Vg
=y )W, Vy)
:(ﬁw 0‘)(5, Vo)
=0.
Putting W = V,, we obtain
I Vo 27y u=0.
Therefore | x4 12175 12=0.
Since 4 €¢ (DY), Vs p€¢(D*) and dim D* =1, we have
TEU p 19= . Psw=1p 1175 p | =0,
From this and Lemma 2, g is (non-zero) constant. Therefore y is parallel. Q.E.D.

§4. Totally contact umbilical submanifolds with non-zero parallel mean curvature
vector,

THEOREM 2 (cf., [3]). Let M be a totally contact umbilical submanifold with non-zero
parallel mean curvature vector u in a Sasakian manifold M. If $u is tangent to M, then M is
a contact CR-submanifold with D" ={$u>. Furthermore M admits a homothetic second Sasakian

~ structure.

PrOOF. Since the mean curvature vector u is non-zero parallel, the mean curvature ¢ : =
J{p, 1> is a non-zero constant. For simplicity, we put & : =& on M and »(X): =4 (X) for any
tangent vector X of M.

We put &:= —% éu. Then £ is a unit tangent vector field on M and (&) =0.

For any tangent vector field X on M, we put
U.D  FX=¢X+¢X+L X, &
where ¢X is the tangential part of X and ¢°X is the normal part of #X orthogonal to K.

We obtain the following equations:

Vye=¢X,
wp  reg=tatle g

™
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Wy ) v =Dy B —y 08— KX, YI= 7O n(Y)E)
T2 X, YoE—9(Y)é2X.
Using these equations, we get
(p2X , YOHX, YO — (XD p(Y)—<{X,EXY, &
_@f—lj—{«V\ SV, E+HPY, Vy £}
W{XQSY E—<pWy V), &)
WU((Y,;D Y, u}

:0’
from which
(4.3) $X=—X+7X)e+<X,EE for any XETM .

Then we obtain
4. Jéz%,&
and
(4.5) dX=9¢X
for any tangent vector X of M orthogonal to &. This shows that M is a contact CR-
submanifold with D*=<{@u>.
Next, we put #(X):=<X,&). Then we have
Vee=g¢X , Py é_._(n-l-l)c ne
4.6) Wy Y= ”+DC{77(Y)(X 7 E) — (KX, Y>— (X (YN E)
+ (VX —7(X)E— KX, Y>—7(X)n(YDE. ‘
Therefore (¢,&,&,7,7,{ , ») is a homothetic second Sasakian structure. Q.E.D.
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