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Abstract
This is a study of hypersurfaces in a Sasakian space form M (c¢) of dimension 2m +1(>5)
and provides proof that there are no Einstein hypersurfaces in M(c), ¢c*1.

§ 1. Introduction.

It is well known that there are no Einstein real hypersurfaces in a complex space form
M(c) with nonzero constant holomorphic sectional curvature ¢ ([4] and [5]). Recently U
-Hang Ki[3] found that there are no real hypersurfaces with parallel Ricci tensor in a complex
space form M(c), ¢*0.

In this note we investigate the hypersurfaces in a Sasakian space form of dimension 2m +1
(>5) and prove the following :

THEOREM. There are no Einstein hypersurfaces in a Sasakian space form with constant
@-holomorphic sectional curvature c(+1).

Throughout this paper, we assume that all objects under consideration are differentiable of
class C*.

§ 2. Preliminaries.

This section introduces definitions and basic properties which are used in the following

(1)
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sections.

(1) Let M be a (2m+1)-dimensional Sasakian manifold, and (¢, &, #, < , >)a Sasakian
structure of M where ¢ is a tensor field of type (1, 1), & a vector field, » a 1-formand <, >
a Riemannian metric. Then the structure tensors satisfy the following equations :

P* X=—X+7(X)&, 9&=0, 7(pX)=0, (&) =1,
2. 1) X, V>+<X, pYV>=0, 7(X)=<& X,
VxE=9X, (Vx)Y=4(Y)X—<X, Y &

for any vector fields X, Y tangent to M, where ¥ denotes the Riemannian connection of M.
The Riemannian curvature tensor R of the Sasakian manifold M, defined by R(X, Y)Z=
VxVy Z—NyVx Z— 1xv) Z, satisfies

RoX, oY) Z=R(X, V) Z—Y,D>X+X,2>Y —<Y, 2> pX +<X, ¢Z>¢7,
2.2) R(X,9Y)Z=~R(pX,Y)Z—<Y, 2> X +(X, 2> Y +<Y, 2>pX —<X, Z>pY

and

RX,Y)éE=g(Y)X—7(X)Y.

A Sasakian manifold M is called a Sasakian space form if M is of constant ¢-holomorphic
sectional curvature. The Riemannian curvature tensor R of a Sasakian space form M(c¢) of
constant @-holomorphic sectional curvature ¢ takes the following form :

R(X, V) 2=y, X <X, DY+ 0 (X (D Y =(¥) (D) X

2. 3) X, DY) Y, > (X) X, pZ>Y — Y, pZ>pX
+2<X, @Y Z}.

(2) Let M be a Riemannian manifold and M a Riemannian manifold isometrically
immersed in M. Then M is called a submanifold in #, and when codim M =1 it is called a
hypersurface in #. We denote the Riemannian metric on M as well as the induced metric on
M by <, >. Let ¥ and ¥ be the Riemannian connections on M and #, respectively. Then
the Gauss and Weingarten formulas are given by

(2. 4) %X YIVX Y+6(X, Y)
and
(2.5) VxN=AxX+ViN

for any vector fields X, Y tangent to M and N normal to M, where ¢ denotes the second
fundamental form, Ax the second fundamental tensor at N, and V* the linear connection
induced in the normal bundle 7% M, called the normal connection. The second fundamental
tensor Ay is related to the second fundamental form ¢ by
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2.6) An X, Y=< (X,Y), N>.

When denoting the Riemannian curvature tensors of # and M by R and R, the equations
of Gauss and Codazzi are given by

2. 7) (W, R(X,Y)Z>=XW,R(X Y)Z>+<c(W, X), (Y, Z)>—<c(W, Y),c(X, Z)>
and
(2.8) <(R(XY)Z, N>=Vx0)(Y,2), N>—<(Vyo) (X Z), N>

for any vectors W, X, Y, Z tangent to M and N normal to M, where the first covariant
differentiation V¢ of ¢ is defined by

(2. 9) (Vo) (Y, Z2)=Vic(Y,Z)—6(VxY,Z)—c(Y,VxZ).

A submanifold M is called a parallel submanifold if ¢ is parallel, i. e, V=0 identically.

(3) Let M be a hypersurface in a (2m+1)-dimensional Sasakian manifold M with
Sasakian structure (5), E‘, ;7, <, ). A unit normal & to M may then be chosen. For this unit
normal &, we put

FEnle), 6=—ge, E=F—fe, 9Xi=pX—<¢ Xoe,

2.1
2.10 AX=A.X and h(X,Y)=KUAX, >=<c(X,Y), &>

for any vectors X, Y tangent to M. By the properties of the Sasakian structure, the following
relations are given :

& & =0, IEP=IEr=1—1, pt=—/5, @&=/,
P X=—X+E X0+ 7(X) &, (X, Y>=—<KX, pY>,
Vx E=@AX —X, VxE=@X+fAX, Xf=<E—A& X,
(Vx@) Y=¢& YAX —<AX, Y E+7(Y) X —<X, Y>&

(2.11)

for any vectors X, Y tangent to M, where 7(X):=<&, X>(e. g., see [8]).

A scalar function p:=-2%n— trace A is called the mean curvature of M in M. M is said
to be totally umbilical, if AX =pX for any vector X tangent to M, and M is said to be totally
geodesic, if AX =0 for any vector X tangent to M.

We put M,: ={x €M |(1—F? (x)*0}. Assuming that dim # >5, then M, is an open dense
set in M. In fact, if there exists some point x satisfying &=Z on a neighborhood of x, the
Weingarten formula (2. 5) implies

(@X, Y>=<(@X, Y>=<(Vx & Y>=—<A4AX, V>
for any tangent vector fields X and Y on the neighborhood of x. Therefore M is anti-
invariant at x, i.e., (Tx M) CT: M and dim M <m (e.g., see Proposition 1.1 in Chapter III
of [10]). Since M is the hypersurface in M, this is a contradiction.

In the following, the ambient Sasakian manifold is assumed to be a Sasakian space form

(3)
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M(c) of dimension 2m+1. Then the equations of Gauss and Codazzi for M in M(c) are
rewritten as:

R(X, Y)Z=—C—Zi(<Y, XX, >V + 621 (X)) (D) Y —5(V)n(2) X
(2.12) X Dg(Y)E—Y, Dn(X)EHX, 92> Y —<Y, ¢Z>pX

+2(X, Y > @Z}+<AY, Z>AX —<AX, Z>AY,
(VxA) Y — (vy A) X =5

T (V) X =7 (X) Y) 446 XopY =<6 YooX

(2.13)
+2¢X, pY> €},

ie,

(Vx ) (Y, 2) = (Vv ) (X, Z) ==

L (7)<X, 25— ()<Y, 2)
HE, YK, pZ>— <&, XY, Z>+24<E, Z><X, V> }.

§ 3. Totally umbilical hypersurfaces.

It is well known that a totally umbilical hypersurface M in a Riemannian manifold # is
parallel if and only if the mean curvature p of M in M is a constant.

PROPOSITION 1 ([8]). Let M be a totally umbilical hypersurface in a Sasakian space form
M(c) of dimension 2m+1(>5). Then ¢=1 and M is parallel.

PROOF. Since M is totally umbilical, we have

3.1) (WAY=(Xp)Y

for any vectors X, Y tangent to M. By using the equation of Codazzi (2.13), we get

(3.2) (%) Y= (¥p) X=~TH7 ((1) X =1 (X) ¥) 446 Xop¥ <, V>9X
+261X, pY> &}

for any vectors X, Y tangent to M. We can choose a nonzero vector X tangent to M, such
that <&, X>=2,(X)=0 as dim M(c)>5. Substituting ¥ =¢ into (3.2) and taking the inner
product with X, we obtain
3. 3) (c—1) QA=rAIXPE=0.
Since My={x=M|(1—52) (x) 0} is nonempty, (3. 3) implies c=1.
From this and (4. 2), we have
(3. 4) (Xp)Y=(Yp) X
for any vectors X, Y tangent to M. For any tangent vector X of M, we can choose a nonzero
tangent vector Y such that <X, Y>=0. Thus we obtain
(3. 5) Xp=0
for any vector X tangent to M, i.e., p is a constant. Therefore M is parallel. Q.E.D.

(4)
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COROLLARY 2. There are no totally umbilical hypersurfaces in a Sasakian space form M(c),
c*1, of dimension 2m~+1(=5).

From (2. 13), we can easily see the following

REMARK. If there exists a parallel hypersurface in a Sasakian space form M(c) of
dimension 2m +1(>5), then ¢=1.

§ 4. Einsten hypersurfaces.

In this section, we prove the following

THEOREM 3. There are no Einstein hypersurfaces in a Sasakian space form M(c), c+1, of
dimension 2m+1(>5).

PROOF. Let M be a Einstein hypersurface in M), i e,

(4.1) <SX, > =§Z—<X, v,
m

where S is the Ricci tensor and 7 the scalar curvature of M. From the Gauss equation (2. 12)
and (4. 1), we have
(4.2)  A*X=ly AX+H{4@m—1) + @m+1+f?) (=) =2} X —3-(c—1) <& X0¢

e (RS IR0 o

where h:=trA.
On the other hand, from (2. 12), we have

(4. 3) r=2m(2m—1)+ (m~+1) (m—1+72) (c=1) + ()2 — Iy,
where h,=trA>.
Substituting (4. 3) in (4. 2), we obtain

A2 X =l AX =l (m+2) (e=1) 1=/ —2((h)*— 1) } X —-(c—1) <6, X>¢

(4. 4) o1
— =D 7 (X) &,

Since A is symmetric and ¢#1, from (4. 4), we have
(4. 5) (Cm+D{g(X)AE—<AE, X>E=3{KAE, X>E—<& XD ALY,

from which we obtain

(4. 6) (1—fAE=(AE & §+3—Z”~3—1L—1-<A§, &

(5)



Izumi HasEGAWA

and

7))  (A—fIAg=5 2 AE De+As o8,

Therfore ¢ and & are principals on My={xeM|(1—72) (x) =0}, because dim M >4. Note
that f is a nonconstant function on M,. In fact, if f is constant, then A&=¢ because of (2. 11).

Henceforth we consider M,. We put Aé=af and A&=p&, where « and § are functions
on M,. These functions are called the principal curvatures. Using (2. 13), we obtain

(Ve A) X=(VxA) &+ CZI {3 (X) E+FCE XDE+(1—fH) X}
= (Xa)E+a (pAX —fX) — ApAX +fAX
+ETH3 (X) ¢ +£46, X0g+ (1—1%) pX ).

Substituting (4. 8) in <(V: 4A) X, Y> =X, (VC A) Y, we have

(Xa) &— <&, Xograda+a (pA+Ap) X —2ApAX

(X0 E=7<6 Xo &+ (1—f%) X ).

(4. 9)

Aplying the same argument for A&=£Z, we obtain
(4.10)  (pA+Ap) X =2BpX + (XB) &~ (X)gradp,
from which we have

(4.11)  (A—r*)gradf= (B—a)f+(86)&.

Therefore we may rewrite (4. 10) as:

(4.12) (¢A+A¢)X:2ﬁX-f—(fj_f—?l—{n(X)§'~<§,X>§}
Since gradg is a linear combination of ¢ and &, we have

(4.13)  (1—f*)grads=(68) &+ (88) €.

Comparing (4.11) whth (4.13), we get

(4.14) gp=(B—alf.

With (4.9) and (4.13),

4.15)  (A—fAgrada=(§a) +f{a(f—a)—(c—1D 1-/3)}¢,
from which

4.16)  ga={a(p—a)—(c—1) A-fA}f

Using (4.4), (4.9), (4.14) and (4. 15), we obtain

(6)
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(4.17) (hl—Zﬁ)AXZ-Z—lz,L{Zmaﬁ+ m+1) (c=1) 1—F2) — ()2 + I} X

=) ()< e+ IS L )y 05

from which we get

(4.18) 28I —h=2maf+ B —a’+ m2”1 (c—1) A—F7).

Here we put My:={xeM,| (h—28) (x) #0} and examine two cases.
Case (I). M,=¢, i.e., =28 on M,.
From (4.17), we have

(4.19) h=482—2maf— (m+1) (¢c—1) (1—1?),
(4. 20) a(f—a)=(c—1) (1—1?
and

(4.21) 28(B—a)=(m+1) (c—1) (1—S3).
From (4. 20) and (4.21), we have

(4.22)  (B—a){28— (m+1Da}=0.
Therefore

(4.23)  28=(m+1Da,

as ¢#1 and f2<1.
Using (4. 19), (4. 21) and (4. 23), we get

(4. 24) _ 0<2h=(m—3) (m+1) a®
When >3, from (4. 24), &, must vanish on M,, that is, M, is totally geodesic.
When m =2, we have

U.25)  m=3a(=28) and %I%afz(:%ﬂZ:aﬁ).

Therefore other principal curvatures A and g must satisty the quadratic equation
t2 —-]2“—017,‘+ a’=0.
As A and g are real numbers we have
a= ﬁ == r= 0,
i.e., M,is totally geodesic. By virtue of Corollary 2, this is a contradiction.
Case (II). M.+ 6.
We consider M;. In this case, we have

(7
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:hl~af-ﬁX+ Cm—Da+p—n +a/—%-(Zm—l)/i’"-/le

W) AX=90 1) XD o SOt - 7 X)¢

Comparing (4. 18) and (4. 26), we have

(4.27) m(h—2p) (a+pB—m)=(m—=1){2map+ (m+1) (c=1) 1—F>) — () *+ k),
(4.28) C—m{Cm=D)a+B~h}=2(m—1){af—a*— (c—1) (1—f3)}

and

(4.29) Cp—m){a+ 2m—1)p~m}=2(m—-1){F—apf—

From (4.28) and (4.29), we have

(4.30)  208—a)(at+B—M)=—(m—1)(c—1) 1—1?).

Here the right hand side of (4. 30) never vanishes. From (4. 18) and (4. 30), we obtain
(4.31) = (a+g) h—2map.

Combining (4. 27), (4. 30) and (4. 31), we get

(4.32) (a+B~m){2(m+1)a—28— 1} =0,

from which

2L (-1 =79}

(4.33) h=2{(m+1)a—p}.
Substituting (4. 33) into (4. 26), (4. 30) and (4. 31) respectively, we have
_@m+Da—38 ., 38—a) L @m+1) (B—a)
(4.34) AX= o —1) X+ ACE S D) EX>E+ 2m—=1) (=7 " (X) ¢,
(4.35) 28—a){@2m+D)a—pt=(m—1) (c—1) 1—r?)

and
(4. 36) h=2{(m+1) a®—p2}.

Substituting (3. 33),-+++++ , (3. 36) into (4. 4), we obtain
(4.37) B—a)H{(Q=f5) X—<§ X>&—7n(X) &} =0.
This is a contradiction because of ¢+1, f2<1 and m>2. Q.E.D.

We have the following
CONJECTURE. There are no hypersurfaces with parallel Ricci tensor in a Sasakian space
form M(c), c#1.
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