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Abstract

In general, a vector field X on a differentiable manifold M with a linear connection V is
called an infinitesimal affine transformation if

0.1) LX'VY—VY"LX—V (X, Y]~ 0,

for every vector field ¥ on M. A Finsler connection is regarded as a linear connection and
Finsler vector fields can be regarded as fields on the tangent bundle. This paper will apply the
above definition of infinitesimal affine transformations to Finsler geometry.

§ 1. Finsler vector fields and Finsler connections.

Let M be a differentiable manifold and L (x, y) be a Finslerian fundamental function, a real
value function of the bundle of all the non-zero tangent vectors which is denoted simply by TM
and called the tangent bundle of M. Asis well-known, a non-linear connection is a distribution
on TM such that

1D T (TM)=N,~+ V, (direct sum),

where V), is a vertical subspace of the tangent space T,(TM) at y & TM. With respect to the
induced coordinates x%, y% 2/2y" are a basis of V, and 6/0x* = 2/2x*—N% 2 /2y’ form a basis
of N,. Then we can define an isomorphism 7,: 7, — T, by

(7)
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(1.2) L:o/oxi— a/2y" and 2/2y'— o/x".
As will be utilized later, also

(1.3) [0, 8.] =(8NY/ ox*— 8N/ &) 5.,

[6}, ék] =( N ay" éi, [ éj: ék] = 0.

Definition 1.

A Finsler vector field is a vector field on TM which is horizontal at each point. Therefore
a Finsler vector field X is written as X =X%(xy)6; and IX=X?(xy) 2, is a vertical vector
field on TM. ,

Let ¥ be the algebra of all the differentiable functions on 7M, % the $§-module of all the
vector fields on TM, and ¥*(%?) be the horizontal (resp. vertical) submodule of X.

Definition 2.
A Finsler connection of M is a linear connection ¥ of TM such that
1.4) Vxy E"Cx" Vy ¥°C %Y and Vx(IY)=1FxY),

forany X, Y € %.
Such a connection is determined by the set of functions (I'%., Ci.) defined by

(1.5) §é\j§k:r‘§ké\i and V éj ék:Cj‘k 2:

We could regard a Finsler connection as two covariant differentiations (V, %) on X”
defined by

(1.6) VyY=¥yY and Vx ¥ =%xY for X, ¥ €%%
The torsion and the curvature of the linear connection ¥ are given as

1.7 T, V)=VxY—-9yX—[X Y],

(1.8) R(X, Y)Z=\~7X€7YZ~§Y§XZ—§[X, Y]Z,

for X, Y, Z € %. Then five Finsler tensors are obtained from (1.7)

(1.9 T((ym 6= T§k6i+ R§k éi,
(1.10) T(916)=Ciri+Pi 25,
(1.11) T(2s 2)=Sk a4

- and three kinds of Finsler tensors from (1.8):

(8)
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(1.12) E(§L, 0 05= R,
(1.13) E( él:(j\k)é\j:P.;:klé\iy
(1.149) R( éz, ék)é\jzsékté\b

For simplicity we assume

(1.15) =0, Sk = 0.

§ 2. Infinitesimal affine transformations.

In the following we use only the canonical non-linear connection which appears in the
Cartan and Berwald connections, and (1.15) is assumed.

We will look for the conditions of a Finsler vector field X = X*(x, 3); to be an infinitesimal
affine transformation of a Finsler connection, that is, a linear connection ¥ on the tangent
bundle 7M. It is well known that the conditions are written as

@.1) Lx WY=Ly VyZ—VyLxZ—%[x y1Z=0,

for any Y, Z &% (TM). Because LxV is a tensor field of order (1, 2), we have only to
substitute the basis (8;, 2. to Y and Z.
First of all, we put Y =4; and Z=6,. Then we have

2.2) [Xié\i; Ff’kfyz] —Vé\j[Xich, é\k] "ﬁ[Xi()\i, (yJ] 8=0.
Taking %- and v-components of (2.2), from (1.3) and (1.5) we get

(2.3) ViV X4+ X Ri; =0,

(2.4) V(X R:,)=0.
Substituting ¢; or 2; into Y and Z similarily, and taking %- and v-components, we have

the following:

Theorem 1.

() X = X?6; is an infinitesimal affine transformation of a linear connection ¥ on TM if
and only if
(Ia) Y:()‘_,-, Z=6,

VVXi+ X 'Rin=0, V,(X'Ri)=0.

18) Y=0;, Z= a4,

(9)
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VA 5.X) = 0, X'Riz—VAX'Pi)=0.
(o) Y= 35 Z=0s
YV Xi— X'Ph=0, V,(X‘Ri) = 0.
0d) Y=105 Z= pu
VA 5:X9=0, X'Riy+V,;(XPi) =0

(D) A vertical vector field X =X" 3 is an infinitesimal affine transformation of V if and
only if
(Ila) Y =65 Z= "0

X'Phy+VAX'CL)=0, VAV,Xi+X'Pi)=0.

(I1b) Y=06, Z= u
V9. X+ X Pi;=0.

(Ile) Y= 2; Z=0n |
ViX Cl)+ XSia=0, V; (VWX '+XPi) =0.

(Md) Y=2, Z= as
U,V X+ X Sia=0.

Now we are concerned with the Cartan connection. Contraction of y* with the second

equation of (Ib) leads us to

Lemma 1. :
If a Finsler vector field X =X'6; is an infinitesimal affine transformation of Cartan’s ¥,
then it satisfies

(2.5) XLR;:L:O.

In general, the set of all infinitesimal affine transformations on a manifold with-a linear
connection is a Lie subalgebra. That is, if X and Y are affine, so is [X, Y]. In Finsler
geometry we have

Theorem 2.
If Finsler vector fields X and Y are infinitesimal affine transformations of Cartan’s linear
conmection ¥, then a Finsler vector field h[X, Y] is also affine.

Proof. 1t is well known that LyV=0 and Ly¥V=0 yield
L[X, Y]§:0.

(10)
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Because of the formula LX+ y = Lx+Ly we have

L]’L[X: Y]§+Lv (X yﬁ:O.
On the other hand, »[X, Y]=X!YR% 5,=0 by Lemma 1. Hence we have

Lh[X, Y}@"—’O.

If vector fields X and Y are vertical, then [ X, Y] is also vertical, that is, Z[X, Y ]=0.
Similarily we have

Theorem 3.

If vertical vector fields X and Y are infinitesimal affine transformations of Cartan’s linear
conmection ¥V, vertical vector field [ X, Y is also affine.
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