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Some remarks on the normalized metric tensor and the
Lie derivatives in an areal space of the submetric class
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Abstract

In a previous paper [1], we investigated when the normalized metric tensor g;; is homoge-
neous of degree zero with respect to p.

However if the original metric tensor éij is assumed to be homogeneous of degree zero with
respect to pi.it follows that the normalized metric tensor g;; is homogeneous of degree zero
with respect to p.. In this paper, we prove the above and exhibit some results on the Lie
derivatives.

We employ the notations used in papers [1], [2] and [3] without reexplaining them in this
paper.

§1. Remarks on the normalized metric tensor
Let F(x/, p.) be the fundamental function and zfﬁ the original metric tensor in an areal

space of the submetric class.
The normalized metric tensor g; is defined by

(kY gv=( L5+ 0184)bu,
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108 Masao Gama

bus=pZusdilhs

where L¥E=F'F;¢;8—pipi+pipl, pi=F'F ;%

and p is determined so that F?=det (b.s) is satisfied, provided that det (b.5) does not vanish

identically.

Differentiating g;; with respect to p° and contracting with p§, by virtue of the relations

pips=0%,  pi;i=Lyi—pipt, LY ipi=—L¥e5— L7108,

we have

(1.2) g3 205=( L5+ 078 (p8ea ) 2050805

from which, by virtue of the relations
L‘f’fpi:O, g ipl ibm:O;

it follows that

(1.3) b (pged) ; 1DibED5=0.

Consequently, if the original metric tensor gofz-j is assumed to be homogeneous of degree zero
with respect to p., that is, gea; 1p5=0, it follows from (1.3) that

(1.4) p;pe=0.
Hence from (1.2) and (1.4) we have
gz'.i ; Zp§:07

provided that the original metric tensor zrij is homogeneous of degree zero with respect to pi.
From (1.1) we have

(15) Cih=gu byipi=—--L0Lby+ Likb,,,

where yi=8i—Bi,  Bi=pipi.
Putting A =g in (1.5), we have

On the other hand, by virtue of yip;=0, we have
Ck;};z = bang;;'—gih'y;;dl);
from which, contracting with 5**, we have

1.7 L=g" b+ CHA,b",

where & 5= V' Gni.
From (1.1) and (1.7), we have respectively

(1.8) gijih:%L?}lhbaﬂ:

(1.9) Leiy=—BiT0; %54

from which, we have

¢ 8)
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Theorem. gim=0 is equivalent fo BTk ;% ;4b.,=0.

§2. Lie derivatives with respect to a concurrent vector

Consider an infinitesimal extended point transformation [1]
2.1) T=x'+&'dr,  pi=p.t&lpldr.

From the definition of the Lie derivatives with respect to &% we have

(2.2) ofp;':o,

(2.3) f 8= 208t 8:a& %t 8153 28 %D

2.4) LPI=p1318%=y1Ds0" £ gar,

(2.5) {J F=Fpi& "nr—Fb“”paﬁﬂffoab,

(2.6) of Di=Ra&®+Th; cE%up o+ &ty

@7 £C;, :=7g“’[{gmn SO )

—285C7, ‘;}£ Geat (85954 654%) ({gcd) sel.

For a general tensor T'%, we have

(2.8) (£T A £(T11]L) =~T§€£1’Zk+ TZJrfT’ +Tf‘a£1" +TZ;Z:£FM,
(2.9) («fT )I "£T7J|a:"‘Tf;£cb, a o?c?,z‘*'Tibgcal?, 2,
(2.10) (fTﬁ) ;‘:=§T?j;z.

If the vector &% in the infinitesimal extended point transformation (2.1) is assumed to be a
concurrent vector [2], by definition it satisfies the following relations

211 gy=—0%  &li=0, &°CLi=

from which, it follows that using the results (2.3) — (2.7)

(2.12) ofgij: ~28u
(2.13) fﬁ?zO,

(2.14) §F= —mPF,
(2.15) of Di=Ri&?,
(2.16) ofciff:

From (2.16) and (2.9), we have

9
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(fT )|“”D£TZ

Hence we have

Theorem. If the vector & in the infinitesimal extended point transformation (2.1) is a concur-
rent veclor, the operations of the Lie derivative with vespect to &° and the covariant derivative
with vespect to p. [3] are commutative.

If the vector &7 in (2.1) is a concurrent vector, it follows that

fR;:hk:R/{hkiaga—ZRéhk;
fP?j,ZY:gib (Gacy 8+ &1s83) ({ng) ;e
S;,Z,é’—
where R;‘hk:r‘;’h, PRl SR S RS MR B I B N I g R o
P;J)Z—_PTJ ;a—Ch al/+ch bpﬂPCJ R

S5 G E=CnL 60— CLICL—CL i+ CLECE &
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