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Abstract

Let (M, g) be a complete Riemannian manifold and TM its tangent bundle with the horizontal lift con-
nection. If TM admits a non-affine infinitesimal projective transformation, then M and TM are locally
flat.

1. Introduction

In the present paper everything will be always discussed in the C*-category, and manifolds will be as-
sumed to be connected and dimensionn > 1.

Let M be a manifold and TM its tangent bundle. We denote by S%(M) the set of all tensor fields of type
(r; s) on M. Similarly, we denote by $%(7M) the corresponding set on TM .

Let V be an affine connection on M. A vector field V on M is called an infinitesimal projective trans-
formation if there exists a 1 -form Q2 such that

(LyV)X, V)=QX)Y +2(Y)X

for any X, Ye $3(M), where L, is the Lie derivation with respect to V. In this case 2 is called the associ-
ated 1-form of V. Especially, if 2= 0, then V is called an infinitesimal affine transformation.

Next, let g be a Riemannian metric on M and V the Levi-Civita connection of 9. Denote by V a vector
field on M. V is called an infinitesimal conformal transformation if there exists a function f on M satis-
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fying L, g = fg. Especially, if f is constant, then V is called an infinitesimal homothetic transformation.
Furthermore, if f= 0, then V is called an infinitesimal isometry .

In this paper, we prove the following

Theorem. Let (M, g) be a complete Riemannian manifold and TM its tangent bundle with the hori-
zontal lift connection. If TM admits a non-affine infinitesimal projective transformation, then M and TM

are locally flat.
2. Preliminaries
Let (M, g) be a Riemannian manifold, V the Riemannian connection of g and I’ ﬁh the coefficients of

V ,ie., I';*0,:=Vy0;, where 9, = af:h and (z"*) is the local coordinates of M. We define a local frame
{E; ,E; }of TM as follows :

E :=08,—y'I',*8; and E. :=8;,
where (z*, ") is the induced coordinates of TM and &. := _8%’ and call this frame {E; ,E; }the adapted
frame of TM . Then {dx*, dy" }is the dual frame of {E; ,E; }, where dy* := dy" +¢° r,"dxe.
By the definition of the adapted frame, we have the following

Lemma 1. The Lie brackets of the adapted frame of TM satisfy the following identities :

(1) [E E 1=y"K; E;

@) |E E1=T;"E,

3) [EE 1=0,

where K =(K,; ") denotes the Riemannian curvature tensor of (M, g) defined by Kkﬁh =

8,0y o,y +;" I, Ty Ty
Let V be the horizontal lift connection on TM defined as follows :
VeEi =T Ea, Vg E=T;"E,,
‘~75,—.Ei =0, \7El__E; =0.
This connection is the metric connection of the comlete lift metric § = 2g,,dx"dy* or the lift metric
J = g,,dx" dx® +2g,,dx"6x°. But it is not necessary for the present paper to use the lift metric itself.

We need the following well known lemma to prove Theorem.

Lemma?2 ([K11). If a complete Riemannian manifold M admits a non-isometric infinitesimal ho-

mothetic transformation, then M is locally flat.
3. Infinitesimal projective transformation on TM

Proposition 1. Let (M, g) be a Riemannian manifold and TM its tangent bundle with the horizontal

lift connection. V is an infinitesimal projective transformation with the associated 1-form @ on TM if and
only if there exist o, ¢ € SYM), B =(B*), D =(D*)eS§(M), A =(A}), C =(C!) e $1(M) satisfying
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(1) (V*, VF)=(B"+y*AF, D*+y* C} +y°y"®.),

(2) (Qi, Q?)=(ai¢a 8;'90):«”{ > Q)i)7

@) v;9, =0,V,¥, =0,

@ v,ab=0,3,

(5) v,G=9; o K, Be,

(6) LgI;*=V,V,B"+K;" B*=0, 8! +¥, o,

(1) v;v,D*=0.

(8) Kkiah Af =0,

where (V*, V¥):=V°E, +V°E, =V, (@:, ;) :=Qedx*+Quby* = 5.

Proof. Here we prove only the necessary condition because it is easy to prove the sufficient condition.
Let V be an infinitesimal projective transformation with the associated 1-form & on TM .

From (L,V)(E;, E;)=$;E; +0.E; we obtain

3.1 88 V* =0
and
(3.2) 88 Vi =050t +3. 0%

From (3.1), we have

and
(3.3) V* =Bty Al,
where B* and A/ are certain functions which depend only on 2*. The coordinate transformation rule im-
plies that B =(B*)e 3}(M) and A =(4}*) € SH(M).
From (L,V)(E;, E; )=Q;E, +8,E; ,using (3.3), we obtain

(3.4) Q;5t =V, Al

and :

(3.5) Q88 =K' Bo+ye (K" Al + K, AP )+, o5V 707 (B V7).
Contractingj and A in (3.4), we have Q~7 =V, A# - Therefore we have

(3.6) Q; =0, =9,

where ¢, := Afand @, := 8, ¢. From (3.4) and (3.6), we get

3.7) VAl =0, .

From (3.2) and (3.6), wehave
8 Vh = Cl 40, +y°P, 8"
and
(3.8) VF=D'+y*Cl+y°y'a,
where D" and C;* are certain functions which depend only on x*. We can see that
D=(D" eSi(M)and C=(C:*) eSI(M).
Substituting (3.8) into (3.5), we obtain

(3- 9) Qzajh == v,‘ C‘] g +K,,,-,-hBa+y" <KbijhAab +I(biahAjb 'Jf'agv, @j +5Jh Vi@a),
On the other hand, from (L,V) (E; ,E;) =Q,E; +0;E; , we get
(3.10) Q0 =V, Ct+K,;" Be+y* (Kb,zh AL +0bV . O; -+ vj@a).
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Comparing (3.9) with (3.10), we obtain

(3.11) Kt Af =0

and

(3.12) Q08 =V;CH+ K" Bo4y* (3hV,0:+3: 7,0 ).
Contractingi and & in (3.12), we get

(3.13) nQ; =V,Cé+n+1)y*V,;0..

Here, we put ¢ := %Ca” and ¥, :=V,¢ =8, ¢. Then, from (3.12) and (3.13), we obtain

(3.14) g, =7, +”—;1*lyavi¢a ,
(3.15) V,C* =0, ~K," B,
and
(3.16) norv, P, —o!v,;0, =0.
Contracting 2 and # in (3.16), we have
(3.17) v,0, =0.
From (3.14) and (3.17), we get
(3.18) 8,=0,.

From (L,V)(E; E;)=Q,E, +0,E; , we obtain
(3.19) Lyl * =W, 3¢+, ot
(3.20) ' V;V,D* =0
and
(3.21) vV, C F+v, (Ka,-ih B“) =0.
Substituting (3.15) into (3.21), wehave
(3.22) v, ¥, =0.

QED.
Proof of Theorem.
We put X* := A,"@¢. Then, using (3.7) and (3.17), we have
Lyg; =V;X; +V,X;
(3.23) =(V;Au)P® +(V:iAuy)D°
=2(0.0%)g;.
Similarly we put Y* := (vth -C* )qr s Then, using (3.15), (3.19) and (3.22),
Lyg; =(V;VaBi =V; Ca)¥ * + (Vi Ve B —V; C)¥ ¢
(3.24) ={ (- KowB® +¥; 05+ Wags) — (¥;9u— KoinB®) ¥ * + (Wag;) ¥ *
=2(¥.¥ %)g;.
Therefore X and Y are infinitesimal homothetic transformations. If M is not locally flat, then ® =% = 0
by virtue of Lemma 2, and consequently 3 = 0. This is a contradiction. Therefore M is locally flat. In
this case TM is also locally flat.
QE.D.
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