iy

sarsity o )

hue JommEHE AL

NE A & #5522z B 1 5 — ik BB

&58: English

HhRE

NFH: 2008-05-21

F—7—FK (Ja):

*—7—FK (En):

EXE: /N2, EA

X—=IL7 KL R:

il
https://doi.org/10.32150/00005151




EEBEARELE (BRFERE) $525% £1F FH 134 9 A
Journal of Hokkaido University of Education (Natural Sciences) Vol.52, No. 1 September, 2001

Generalized Supremum in Sequence Spaces with Order

KOMURO Naoto

Department of Mathematics, Asahikawa Campus, Hokkaido University of Education

JEFF & $egz2mliz ¥ 1 5 — b _LER

tik

E A

7

FLEEEE RFRNERFEE

Abstract

We deal with the generalized supremum Sup A in ordered linear spaces E which is defined as the set of
all minimal elements of U (A) (the totality of all upper bounds). The condition U (A) = (Sup A) +P (P :
positive cone) plays some important roles in applications of this theory. In[5], itis proved that the alge-
braic closedness is necessary for the monotone order completeness which is a sufficient condition for
U (A) =(SupA) +P. In this paper we show that U (4) = (Sup A) +P implies the algebraic closedness of
P. Moreover, we consider some examples of sequence spaces with some typical orders, and investigate

the condition U (A) = (Sup A) +P and the monotone order completeness.
§ 1 Introduction and basic results

Let E be a linear space over R, and P be a convex cone in £ satisfying
(P1) E=P-P,
(P2) Pn(—P)=1{0}.
An order relation in E can be defined by xr <y < y—x €P. We call a linear space E equipped with
such a positive cone P a (partially) ordered linear space, and denote itby (E, P).
For a subset A of E, the generalized supremum Sup A is defined to be the set of all minimal ele-
ments of U (A), where U (A) is the set of all upper bounds of A. In other words,
UA)={zxeE|ly<zx,vyeAl,
SupA={acUA)|b<a,becUA)=>a=bl.
The generalized infimum InfA and the set of all lower bounds L (A ) are defined similarly. The basic prop-
erties of the generalized supremum has been investigated in[3], [4], [5], and a remarkable result is that

this notion gives us a method to construct an order completion of E, when it is not order complete. In con-
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structing this theory, the condition
(1) U(A)=(SupA)+P ( for every subset A CE)

is extremely important. In many cases, the generalized supremum Sup A can be empty, even if U (4) +
A. In the space C [0, 1] with the natural positive cone P={fC [0,1] |f(x) =20 (x€ [0,1])} for
example, it is easy to find a subset A C C [0, 1] such that U (A) #+ & and Sup A = 4. This means that the
space (C[0,1],P) does not satisfy the condition (1). For another example, let X be the space of all n X
n symmetric matrices with real coeffcients, and we adopt the positive cone P={A€X | (Ax,x) =0,
xER'|. Then (X,P) satisfies the condition (1)while it is neither order complete nor a lattice ([4]). In
this paper, we will consider the sequence spaces /1, [ with typical positive cones, and investigate the con-
dition (1) for each case.

An ordered linear space (E,P) is said to be monotone order complete (m.o.c. for short) if every to-
tally ordered subset A of E with U (A) = £ has the least upper bound lub A in E . In the case E =R, (E,
P) ism.o.c. if and only if P is closed([5]). In the case when E is a Banach space with a closed positive
cone P satisfying P*—P*=E*, (E*, P*) is m.o.c. where E * is the topological dual of E and P*={z*

€E* | " (x)= 0, x€P}. The proofs of these facts can be seen in a previous paper[7].

Theorem 1. Suppose that an ordered linear space (E,P) is m.o.c., then (E,P) satisfies the condition
(1). Inparticular, Sup la,bl * & for every a,b €E, and U (a,b) = (Sup la,b} ) +P.

The proof of this theorem can be seen in[4]. A convex subset C of E is said to be algebraically closed
if every straight line of E meets C by a closed interval. A point x of a convex subset C CE is called an
algebraic interior point of C if for every z €E , there exists 1> 0 such that x +3z €C. Algebraic exterior
points are defined similarly, and we denote the algebraic interior (exterior) of C by intC (extC) . More-
over, 8C = (intC UextC )° is called the algebraic boundary of C. Let (E,P) be an ordered linear space and
suppose that P is algebraically closed with nonempty algebraic interior. A convex subset F of P is called
an exposed face of P if there exists a supporting hyperplane H of P such that F=P NH.By § (P), we
denote the set of all exposed faces of P. For F € § (P), dim F is defined as the dimension of aff F where
aff F denotes the affine hull of F'. The proof of the following theorem can be seen in[5].

Theorem 2. Let (E,P) be an ordered linear space and suppose that P is algebraically closed and int P
+ 0 .1If dim F <o for every F €5 (P), then (E,P) satisfies the condition (1).

In[5], it is proved that the algebraic closedness of the positive cone P is a necessary condition for the
monotone order completeness of (E,P). The following result is considered to be an improvement of this

fact.

Theorem 3. If an ordered linear space (E,P) satisfies the condition (1)and int P+ &, then the positive

cone P is algebraically closed.
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For two distinet points z, ¥ €E, we denote the closed segment between z and ¥ by[z.y]={(1 —t)x
+2y | 0<t<1}. Also, the half open segment is defined by (zyl=1{(1—¢) z+zy | 0<t<1}. [xy)

and open segments (x, y) are defined analogously. For a convex subset C of £,
C*=CU{z€E | (zy] CC forsomeyEC|

is called the algebraic closure of C. Clearly, C is algebraically closed, if and only if C = C°. We note that
C* is not always algebraically closed, in other words, C*= (C*)* does not always hold.

Lemma 1. Let P be a convex cone in a linear space E. Then P°is also a convex cone.

proof. Let x be an arbitrary point of P¢, and take y €P such that (x,y] CP. Since P is a cone, (1 —2)
pr+apy=p((1 —A)x + Ay) € P for every 0 <p,and 0 <A< 1. This means that (ux,uy] C P and px
€P* Hence it is sufficient to show that x, +x, EP° for every x,, x, €P°. Lety,, y, be such that (x,,
v], (x,, y,] C P respectively. Since P is a convex cone, (1 —A) (x; +x,) +A(y; +9,) =(1 =Nz, +2
y; + (1 —A)x, +Ay, €P forevery 0 <A< 1. This means that (z, +,, v, +%]€P and x, +x, €P"

proof of Theorem 3 . Suppose that the positive cone P is not algebraically closed. Then there exists x €P*
\P.We define a subset ACE by

A=—P¢ .
Since 0% —x,we have 0 €U (A), and clearly U (A) C U (—P) =P . Moreover, we can conclude that

(2) intPCU@A)CP\ {0},

and U (A) # £ in particular. To prove(2), we takez €int P, and —x € —P*°.Then fhere exists ¥ €P such
that (x,y] C P.Since z €int P, we can choose a positive number p> 0 such that z + w(x-y) EP.Itis
easy to see that
(xz]Ceonv {(z,y]U 2,2+ p(x—y) |
CP

by the convexity of P. Hence, z— (—x)=2 —‘732*'—2 €P. Since z € int P and—x € —P° can be taken ar-
bitrarily, we obtain int P C U (A). Now we take u €U (A) and a €A = —P* arbitrarily. By Lemma 1, we
see 2a € —P* and hence Lu -—a———%-(u— 2@) €P. This means that 2z €U (4). By(2), u# 0and u—

1 2 2

U €P. This means that « is not a minimal element of U (A). Sinceu €U (A) is arbitrary, we have ob-

tained that Sup A =& and the condition (1) fails.

Remark. Algebraic closedness of P is obviously a necessary condition for the order completeness. How-
ever, we cannot say P is algebraically closed when (E,P) is only a lattice. The two dimensional space &

with lexicographical order is an example.

Corollary 1. If dimE < o, then (E,P) satisfies the condition (1) if and only if P is closed .
proof. In finite dimensional cases, (E,P) is m.o.c.if Pis closed ([5]) . Hence by Theorem 1, it satisfies
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the condition(1). The converse follows directly from Theorem 3 .
§ 2 Examples in sequence spaces

We say that an ordered linear space (E,P) satisfies the condition (F) ifit satisfies all the hypotheses
in Theorem 2 . In finite dimensional cases, (E,P) obviously satisfies the condition (F) whenever P is
closed. In this section we consider some sequence spaces and investigate the relation among the mono-
tone order completeness, the condition (1) and the condition (F). We denote li={z=(x,,2,,1,,**) |
2, = 0 except for finitely many n ENU{0}}, L={x=(xz,,2,, 2, ) | S ol <0}, L=1{z=(x,

Zy, Ty, ) | 2 x2< o} and define two typical positive cones as follows.

P1={x=(x07x1’x23.") Ell [ x02 %lxnl }7

n=1

1
Py= {x=(x0,x1,xz,--.) el | x02<2 x,%)z}

n=1

It is easy to see that P, and P: are both algebraically closed and int P,# &, int P,== 4.

2. 1 (L, P), U, P
The space (I, P\) does not satisfy the condition (F). Indeed, H=1{(xy,x;,x;, ") €L | z,=
S &=} is a supporting hyperplane of P, and the face F =H NP, is infinite dimensional. In contrast
(I., P.) satisfies the condition (F) ([4]).

Proposition 1. (5, P1) is m.o.c.,, and it satisfies the condition (1)in particular.
For the proof of this proposition, we offer the following.

Definition. An ordered linear space (E,P) is said to be sequentially monotone order complete (s.m.o.c. for
short) if every totally ordered countable subset A of E with U (A) + & has the least upper bound lub A in
E.

This condition is slightly weaker than the monotone order completeness in general.

Lemma 2. For every upper bounded totally ordered subset A in (L, P.), there exsits a countable subset
la} 7 of A such that U (A)=U (la.}).

proof. We write A=1{a.= (aw,an,a1,-*) | AEA}, andlet (bs, b1, bz, ) be an upper bound of A.
Since aw < by (AEA), there exists ao=sup aw. If there exists ax= (an, @, @, ) €A such that an=
a0, them a. is the maximum of A and the lemma is trivial. Hence we assume that g, <ao (AEA). We can
choose a sequence A1, Az, --- such that {aw.} == is nondecreasing and a. — ao. For arbitrary a»= (a, ax,
@2, ***) €A, there exists n €N such that a1 < a1, and this meansthat U (4)=U (law}).
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proof of Proposition 1 . By Lemma2, it suffices to show that (5, P.) is sm.o.c. Let an=(am, am,
ams, ) (m=1,2,3,-*) be an upper bounded nondecreasing sequence in (,;, P\), and let (bs, by,
b., ---) be an upper bound of {a.} . Since {a.l 5-1 is nondecreasing and am< b (m=1,2,--+), itisa con-

vergent sequence. Moreover, a. < a. (1< m < n) implies

(3) Uno—m =S |a,—a,;] (1<Sm<n).
i=1

Hence, for eachi=1, 2, -, {a. 1 is a convergent sequence. Thus we can define ao= (aw, Go, o,

) byas=lim a, (i=0,1,2:+). By(3), wehaveforeach N=1,2,",@uw—am23V_(0,~a,] (1<m
<n). Hence we obtain by letting n—— that an—amn=3W_,|ay —a,;| (m,N € N). Since N ENis ar-

bitrary and a.€1[;, this inequality yields that ac€/, and

fee]
a0 —am= I ay—a,;| (meN).
i=1

This means ao >a. (m€N), and a€U (la.l). It remains to prove that a; is the minimum of U -
({a.l). For b= (bo, b1, bs, ) € U (lant), wehave

N
bo—am> S |b, —a,,| (m,NEN).
i=1

Letting m —>, we obtain by—aw>3S¥W_,|b; —a,;| (N €EN). Since N €ENis arbitrary we also have

bo—an=>",1b; —ay|. This means b>a, and the proofis complete.

The monotone order completeness of (I;, P:) can be proved by analogy. We remark that there is a dif-
ferent way to prove the monotone order completeness of these sapces by using the fact mentioned in §
1.

2 - 2 (l(), PZ) ’ (lly Pz)
We rewrite P;N [, and P:N1 by P; in these spaces. In both spaces, int P,# &, and the condition (F) holds.
Consequently the condition (1) also holds. Moreover, (L, P.) isnotm.o.c. ([4]).

Proposition 2. (L, P.) isnot m.o.c.

1_z
-

7 6

o
ik
<

proof . We consider the convergent series 2:: . . First we show that there is a subsequence {7}

of the sequence 1,2, 3, --- such that no= 1 and

S =V +v 7+ Aot
<400

= 1 L 1 Loeead 1 = cee
where A; o i e (k=1,2,3,-).

Indeed, if we choose the subsequence |miliobym=2* (£=0,1,2,3,*), then
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=1 , 1 41
As (zk—1+1)2 T (2k-1+2)2T +22k

1 1 1 1

= 93k-1) + 226 -1) oot 92T = 92k —1"

Hence we have \

Now we define a sequence la.} o in I; by

ao=(0,0,0,0,0,0,0,0, ..................... ),
alz(Sl, l’ -, __1___’0’0’0’0’ .................. ),
2 1

= 1 I S U S W W) WSOt

a: (S27 27 ] n1’ 7’L1+1’ ’ nzy 0’ 07 07 )7

= D S SRS SOOI SN S S S S
aii (S3: 2! ’ %1’ n1+17 ’ nzy n2+1y 1’[3, Oy Oy Oy )3
bo= (ZS, 070,0,0 ......... )’

where S,=3%_. /A, (n=12-). Since 3% _, A, < S? for every n, we see that

() T _1<s
1
By the definition of A:, we have ,/ A, =<(n 1+1)2+(n 1+1)2+...; nl )2 (k=1,2,3,---). Therefore,
k-1 k-1 2

M-1+1" m

ak~ak-1=<\/Ak,O,--.0, 1 .. L’O,...>

EP, (k=1,2,3,-).

Moreover, by (4), (28 —S,)*— 12—(—%—)2~-"-(;Ll;-)z*—'(ZS—Sk)z—A1~Az----—Akz
SP—Ai—Ag— - —As > ifg-— 1 —Ai—As—-—A> 0, it follows that
b—a=(28—S, 1, L, L1 0,-) €p,
2 Hp

for every k €N. Hence the sequence {a:l is increasing and upper bounded in (4, P;). Let b= (b,

bi, bs;, ***) be an arbitrary element in U ({ai} ). Since b €1, there is at least a number n €N such that
bn#%. We define

b/z(bo’ bl’ bz’ o 7bn—1’ %’! bn+1\y “")7

thenb—b"=(0,0,, bn——;—, 0,0,-) €P,U(—P,) . This means thatb and b  are not comparable
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with respect to the order of P.. Moreover it follows from the relation b>a: (=0, 1, 2,-) that

0= (Bo—8)*— (b= 1)*= (b= 5)°

e D ST 7 R 1 Ne_ .
(bn-—‘l 7 _1) ibn n ) (bn+l 7 +1 )
< (bo— Sk — (Bi— 1)*— (bz“‘i)z

e (p—— L 2 —_1 e ..
(bn—l %_1) (bn.+1 n+1)

for sufficiently large k. This means b >a:k=0,1,2,-). Thus we find that b is not the minimum of
U (lail), and since b is arbitrary it follows that lub {axt does not exist.

2. 3 (b, P)

We rewrite PiNl, by P.. P: is still algebraically closed in L. Indeed, we can easily see that
(1,0,0,0,~) EintP. Let H be the subspace of I defined by H=1{zx= /(2,2 ) |
%, =5%_ %, |. Then H is a supporting hyperplane of P.. The face F =H NP contains the elements
(1,1,0,0,-, (1,0,1,0,0,-), (1,0,0,1,0,), - and they are affinely independent.

Hence dim F =<0 and (L, P.) does not satisfy the condition (F).

Proposition 3. (I, P.) does not satisfy the condition (1), and hence it is not m.o.c.
proof. Letla.l =1 be asequence in [, defined by
(1111 1 -
Qn (2717 2747 87 72n’0707 ) <n 1’2!3’ )'
'__21[707“'07'21;77
(L, P.). Also, we can see thatae=(—1, 0, 0, 0,-) is a lower bound of {a.| . For an arbitrary lower
bound b= (bo, b1, b2, --*) of {a.}, and we define

Since @, —@n.-1= ( 00,-) €E—P.foreveryn=1, 2, 3, la.l is a decreasing sequence in

b = Bot—2e, by, ba, =, bmy i, 0, 0,-).

om+17 ™ gm+1?

Obviously, b’ >b holds and for sufficiently large n,

s 1 1 1 1 1 1
a.—b = (7_60_‘7@‘, f_bl, oo = b, 0, ——, =5 0, 0,)

Since a.>b,we have

1 1 1 1
—by |+t |?n'_b"‘ I +2m+1+'"+_2'n"_ om+1

— 1 1 1
' —b: l +eee l “g',;—bm | +‘*——2m+2 ++—2-n' :

NCIS

It follows that b is also a lower bound of la.| while 5"> b. Since b €L ({a.}) is arbitrary, L ({a.l) has
no maximal element. This means that Inf {a.| =@ while L ({a.l) # &, in other words, (l,, P.) does not
satisfy the condition (1).
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