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1. Introduction.

Amnon Jakimovski and C. T. Rajagopal proved the following
Tauberian theorem for the Hélder mean of negative order —k in [1], {21

Theorem A (Theorem of Jakimovski in [1]). Let k be a fixed positive integer. A

necessary and sufficient condition for {s.} to be summable (H, —k) to s is that {[s,
should be summable (A) to s and

lim <Z>-J"sn_,..= o.

F1—>00

Theorem B (Theorem of Rajagopal in [2]). (a) If (i) {s»} is summable (A) to s,
and if (il) for a positive integer k,

n*4%s,_=0(1), n—rco,

then {s»} is summable (H, —k) to s.

fractional number k.

(b) Conditions (i) and (ii) are also necessary {s»} to be summable (H, —k) to s.
In this paper, we will extend the above result to the case of some fixed positive

Now, we shall denote, in this paper, by {1 or the (H, ) transform, where o is

an arbitrary fixed real number, the Hélder transform of order « of [s.}.
shall use later the following Lemma 1 in [1].
Lemma 1 in [1].

Also we
any sequence {sa},

Let o be a real number and k a nonnegative integer ; then, for
n AEpee . (B, Bl @—kn)
k Lp—k _Ea'p ol ’
d p=0
for n=0, 1, 2,
2.

An extension of Theorem A or Theorem B. By the application of the difference

of fractional order in 3], we will make an extension of Theorem A or Theorem B
in the case of a positive fractional number k.
Theorem 1.

Let k be a fixed fractional number k for 0<k<L

A necessary and
sufficient condition for {s.} to be summable (H, —k) to s is that {s,} should be
summable (A) to s and
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n"‘S—k(sﬂ)l)=o(Z), n—»oco,

where sp=ao-tat - +an.

We have already proved the sufficency part in the previous paper (I). In this paper
(D, we will add the proof of the necessity part.

Proof of the necessity part. Let us now put k= —f. Then our hypothesis

sp>s(H,— k) (0<k<I)
is that

si>s(H, B) (B>—1DD.
From our above hypothesis, by the well-known Tauberian theorem, {s.} is summable
(A) to s and

Cna,=o(1) (H, B+1I),
By the application of the Aberian transformation to both of the above terms, we have
dneS'(a, )P =0(1) (H, ), n—>oo,
that s,

Sa,—0CH, p) (F>-D.
sa=o0(1) (H, p) (B> —1).
As B>—1, we get

sa=0(1) (C, B), n—eo,
that is,

CP(s,) =0(1) (B> —1), n—>co.

Now, as already stated in the previous paper (1), from Stirling’s theorem, we have

AL
7151;730 nb - F([J’—FZ) <ﬁ> Z):

and

06 =T (> -,

L

1) The difference of fractional order in {3] is defined by the operation of “inverse summation”
n
S~*(s,) =E{)A;f§‘ S,,
=
which reduces, in the case
E=1, to S7'(s,)=5,—Su_y,
provided we write
s.1,=0. Also
SCsp) =sotsi4 e +s,, and
Ay=() == D" =S").
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Accordingly we have

SB n Aﬁ«
Cod o s o), noreo(B> D),

that is

ntS(s,) =o(1), n>oo(ff> —1),

nF 8=k (s, ) =0(1), n—>oo(0 <k <I),

Thus our theorem is proved.

Next, we will prove the case of a fractional number k for £>1.

Theorem 2. Let k be a fixed fractional number for 2>1. A necessary and sufficient
condition for {s.] to be summable (H, —k) to s is that {s.} should be summable (A)
to s and

<:1,> d"spem=0(1) (H, —1), n—eo,

where k=I+m, / is a fractional number for 0</<1 and m is a positive integer.
Proof of the necessity part. From our assumption

surs(H, —k) (k>1),

the necessity of the Abel summability of {s.} to s is obvious.

Also the necessity of

(n’>d"“sn_m=a(1) (H, —1), n—rco

m

will be proved as follows. From Lemma 1 in [1], we obtain

)
N\ pngc-1) Th ey, —l—mp) ()] —k+p)
(Iﬂ)d hn-m"—‘z% hn ————2(61‘, hn ’
P=0

D=0
for n=0, 1, 2, . From our assumption
Lim h{7% =35,
>0
we have

Lim BS7H P =g,
H—> 0O

m
omy (m)
Salm =0, ai™0,

p=0
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for m=0, 1, 2, ccoreeeen .2 Therefore
n S )
. mp(=1) __ m) =
lim (m)J W8 =s>a™ =se0 =0,
n—3§ p=e
i e,

m

<n)d”"sn,m=o(l) (H, —1), n->co,

Thus our theorem is proved.

In conclusion I should like to express my grateful thanks to Dr. G. Sunouchi and

Dr. T. Tsuchikura for their kind suggestions.
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2) The following results are shown in [1].
3
1 3 : .
s = SaPlire,
p=0
for n=0, 1. 2, creeene ;

&
Sy =0 ; a0

p=0
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