
On the Holder Mean of negative order(II)

言語: English

出版者: 

公開日: 2012-11-07

キーワード (Ja): 

キーワード (En): 

作成者: 三浦, 白治

メールアドレス: 

所属: 

メタデータ

https://doi.org/10.32150/00000727URL



Vol. 11, No. I A Journal of Hokkaido Gakugei University Aug., 1960

On the Holder Mean of Negative Order (II)

Shiroji Miura

The Department of Mathematics, Hakodate Branch,

Hokkaido Gakugei University

^ffiS-^ : AISc^-'-^i-'^-^ftiSK.o^-C

1. Introduction. Amnon Jakimovski and C. T. Rajagopal proved the following

Tauberian theorem for the Holder mean of negative order —k in [I], [2].

Theorem A (Theorem of Jakimovski in [I]). Let k be a fixed positive integer. A
necessary and sufficient condition for jsa} to be summable (H, —k) to s is that [Sn

should be summable (A) to s and

Urn |',':).J^_,,=o.
n-> oo

Theorem B (Theorem of Rajagopal in [2]). (a) If (i) jsm} is summable (A) to s,
and if (ii) for a positive integer k,

ra('Ji5,,_(. = o(2), n->co,

then jsm} is summable (H, —k) to s.

(b) Conditions (i) and (ii) are also necessary {Sn} to be summable (H, —k) to s.
In this paper, we will extend the above result to the case of some fixed positive

fractional number k.

Now, we shall denote, in this paper, by {h'^) \ or the (H, a) transform, where a is

an arbitrary fixed real number, the Holder transform of order a of \s,n\. Also we

shall use later the following Lemma 1 in [1].
Lemma 1 in [I]. Let a' be a real number and k a nonnegative integer ; then, for

any sequence {sn},
I-

.-r+)0
<'p "t'n

p"a

' n} /ll'lrra'>. = W k'. /i/ »'
vw-t =2-sap''nn

'p^o

for n=0, 1, 2,

2. An extension of Theorem A or Theorem B. By the application of the difference

of fractional order in [3], we will make an extension of Theorem A or Theorem B

in the case of a positive fractional number k.

Theorem 1. Let k be a fixed fractional number k for 0<k<l. A necessary and

sufficient condition for [sn} to be summable (H, -k) to s is that {s,,} should be
summable (A) to s and
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re'"5-/-0,,)I)=<2), n-^oo,

where Sn=ao+ai+ ••••••+a,i.

We have already proved the sufficency part in the previous paper (I). In this paper

(II), we will add the proof of the necessity part.
Proof of the necessity part. Let us now put k = — (3. Then our hypothesis

s,^<ff,-&) (0<fe<2)

is that

^<ff, ^ (/3>-2).

From our above hypothesis, by the well-known Tauberian theorem, {s,i} is summable

(A) to s and

na^o^ (ff, /?+2),

By the application of the Aberian transformation to both of the above terms, we have

Jra.5'(a,01)-<2) (fl, /?), re-^oo,

that is,

Sa^OCff, /3) (/3>-1).
n^Q

i. e.,

^-<2) (ff, /3) (/?>-2).

As (3>—1, we get

s,.=<2) (C, /3), 71-^00,

that is,

C "O,,) =o(2) Q3>-2), 7^00.

Now, as already stated in the previous paper (I), from Stirling's theorem, we have

and

^-TX^^-^
^(0 =-sp(^(/3>-2).

1) The difference of fractional order in C33 is defined by the operation of "inverse summation" :

.sn}= 2-l'/in-v °v>
l-B

which reduces, in the case

k=l, to 5-l(s,,,)=s,,-s,,,_i,

provided we write

s_i,=o. Also

Sl(s,,)=su+si+"--" +s,,, and

A^(ttVI~) = ( - 2)"(-S-1) = 5<<(2).
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Accordingly we have

s^ . _^—o(2), ^c</3>-2),
ln n"

that is

ra-fi5P(s,0=<2), 7t->oo(/3>-2),

i. e.,

nkS-'!^') = o(2), 7^co(0 <A <2).

Thus our theorem is proved.

Next, we will prove the case of a fractional number k for &>1.

Theorem 2. Let k be a fixed fractional number for k>l. A necessary and sufficient

condition for {s,,j to be summable (H, —k) to s is that {sn} should be summable (A)
to s and

(nJ^s^,,,-oW (ff, -0, n->cx,,

where k=?+m, / is a fractional number for 0</<1 and m is a positive integer.

Proof of the necessity part. From our assumption

s^H, -fc) (A>2),

the necessity of the Abel summability of {sn} to s is obvious,

Also the necessity of

;;^%.-.»=<2) CH, -0, ^cx,

will be proved as follows. From Lemma 1 in [I], we obtain

911 )»
('"?,(-'•) _'\-'^l'"')7,''-i-™+P) _'-C'^,(">)fc^-f+fl)

''n-ms= 2-laii 'n? ' ~ "''^ 2-fl'P"nH ""'',
p-o 11=0

for n=0, 1, 2, •••••••••. From our assumption

lim h(,,~k) =s
•n->oo

we have

limhwp)=s,
W->-00

for p=0, 1, 2, ............. m. Also

sy;"=o, ^"'^o,
Jl-0
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for m=0. 1. 2. ••••••••••••.2^ Therefore

lim\n^mh(^=s^^s.o=o,
,,-^8\"V •- "• i-,To

i. e.,

(;^'%,-,,,=<2) (ff, -Z), ,»->».

Thus our theorem is proved.

In conclusion I should like to express my grateful thanks to Dr. G. Sunouchi and

Dr. T. Tsuchikura for their kind suggestions.
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2) The following results are shown in C13.

n^/ft-o _ V^W7,'-»;+t»^••s,,-, = yi» -•••-,

for n=0, 1, 2, ............ ;

2>;"=o ; a^o
11-0

for k=0, 1, 2,
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